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its generalization to nucleus-nucleus scattering is given 
next. This is followed by a brief review of various 
approximation methods for nucleus-nucleus scattering and a 
brief discussion on their merits and demerits. This provides 
the necessary background for the theoretical study reported 
here. 
Monte Carlo technique for evaluating multidimensional 
integrals is adopted and developed for evaluating the full 
Glauber amplitude for nucleus-nucleus scattering without 
recourse to any approximation. Using this technique elastic 
scattering differential cross sections have been calculated 
4 4 
for He- He scattering at the incident 6< particle momenta of 
4.32, 5.07 and 7.0 GeV/c. The calculation have been performed 
with the generally used single Gaussian density and with the 4 
realistic double Gaussian density for He. Two acceptable 
sets of NN amplitude parameters available in the literature 
have been used. The results show that calculated cross 
sections are fairly sensitive to the form of the densities of 
the colliding nuclei. In particular a fairly good description 
of the data is obtained at the incident momenta of 4.32 
GeV/c and 5.07 GeV/c over the momentum transfer region 
covered in experiments with the double Gaussian density for 4 
He. The theoretical prediction at the incident momentum of 
7.0 GeV/c which extends upto q ^ 4 GeV/c is improved with the 
double Gaussian model only upto q % 1 GeV/c. At larger 
momentum transfers there are noticeable discrepancies which 
may be removed by introducing a phase variation in the NN 
scattering amplitude. 
The Monte Carlo technique is also applied to calculate 
4 4 
He- He elastic scattering at the incident o< particle 
momentum of 4.32 GeV/c with the correlated variational 
wavefunction of generalized Jastrow form. The wavefunction 
gives a good account of electron scattering experiments and 
has not been used to study nuclear scattering problem 
earlier. It is found that the variational wavefunction gives 
a fairly good account of the data upto moderate momentum 
transfers. The some discrepancies at large momentum transfers 
may be attributed to the defficiencies of the wavefunction in 
the interior region. 
Over full Glauber model calculations amply demonstrate 
validity of the Glauber model for nucleus-nucleus scattering 
at intermediate energies. 
The remaining part of the thesis is devoted to some 
studies of approximation schemes for evaluating the Glauber 
amplitude for nucleus-nucleus scattering calculations. The 
importance of examining some potentially good approximation 
methods lies in the fact that full Glauber series calculation 
is not only highly time consuming but also impractical for 
larger values of mass numbers of the two colliding nuclei. Of 
the various approximate methods employed in the literature, 
two seem to be promising enough to form the basis of the 
present study. They are: the rigid projectile model and the 
effective profile expansion of the S- matrix. In an attempt 
to have an improvement bver the rigid projectile model(RPM) , 
S-matrix is expanded such that the leading term gives the RPM 
result and the next term gives corrections to the RPM arising 
from the c.m. pair correlation in the target and excitations 
of the projectile in intermediate collisions. Calculation 
show that the corrections coming from the afore mentioned 
4 40 4 12 considerations are small in He- Ca and He- C elastic 
scatterings at 1.37 GeV. An expression for the monopole 
inelastic N®< amplitude is also derived in this work. 
Lastly, a finite series expansion of the S- matrix in 
terms of Bell's polynomials is proposed and it is adopted to 
study the convergence of the effective profile expansion. We 
find that the first four terms of the expansion are almost 
sufficient to retain the full series character upto momentum 
transfers equal to .4 GeV/c. This may be contrasted with the 
usual expansions in terms of the free NN profile functions 
in which case the first ten terms are needed to achieve the 
same result. 
To conclude this part, corrections to the RPM arising 
from intermediate excitations of the projectile during the 
passage in the target nucleus as well as from the target 
two- body correlation are generally small and their inclusion 
does not provide any significant improvement over the RPM 
result. The expansion of the S- matrix in terms of Bell's 
polynomials involving the effective profile function seems to 
provide a relatively good approximation scheme for evaluating 
nucleus-nucleus scattering amplitude over the momentum 
transfer region generally covered in present experiments. 
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Chapter 1 
INTRODUCTION 
interest in the microscopic study of nucleus-nucleus 
scattering at medium and high energies may be traced back to 
late sixties when Glauber multiple scattering model^ for 
hadron-nucleus scattering was generalized to study nucleus-
2-5 
nucleus scattering involving very light nuclei . These 
studies were soon followed by the pioneering work of Czyz and 
Maximon^ relating to general nucleus-nucleus scattering using 
full Glauber multiple scattering series. Czyz and haximon 
demonstrated that the number of multiple interactions in the 
general case of nucleus-nucleus scattering grows so rapidly 
with the mass number of the colliding nuclei that the 
evaluation of the full multiple scattering series becomes 
extremely difficult even for the simplest model for the two 
colliding nuclei. By neglecting certain class of multiple 
scattering terms in the full series these authors also 
derived an approximate expression for the Glauber amplitude 
involving only the ground state densities of the nuclei in 
collision. This approximate expression is known in the 
literature as the optical limit result 
One of the most attractive features of the Glauber 
multiple scattering model for nucleon-nucleus scattering 
(which provides the basis for generalization to nucleus-
nucleus scattering) is that it reduces the complicated many-
body problem to a sequence of two-body problems in a form 
that leads to a mathematically tractable description ot N-
nucleus scattering in terms of the nucleon-nucleon (NN) 
scattering amplitude and the target wavefunction. Thus if 
sufficient information regarding the structure of the target 
nucleus is available one can, in principle, use N-nucleus 
scattering experiments to determine the elementary NN 
amplitude, and conversely knowing the NN amplitude one may 
extract useful information regarding the structure of the 
target nucleus. 
Much confidence in the applicabi1ity of Glauber model 
to nuclear scattering problems at high energies was gained in 
early seventies when it was used to interpret the high 
precission p-nucleus scattering experiments of the Saclay^ 
and other groups . Analyses of the elastic and inelastic 
scattering data showed that high energy p-nucleus scattering 
experiments are very useful for extracting information 
« regarding nucleon ground state and transition densities in 
, .2,11-13 nuclei 
Encouraged by the usefulIness of high energy p-nucleus 
scattering experiments for nuclear structure studies the 
Saclay group also performed a series of o<-nucleus scattering 
14-17 
experiments at 1,37 GeV. The main idea of undertaking 
these experiments was to use high energy c< particle as a 
complementary probe for nuclear structure studies. However, 
it was soon realized that analysis of scattering 
experiments in terms of the Glauber model, as generalized to 
nucleus-nucleus scattering, is not as straightforward as for 
18—21 
N-nucleus scattering . The evaluation of the full Glauber 
scattering amplitude in this case is beset with serious 
difficulties as has been mentioned earlier. 
Over the past about 15 years, the Saclay scattering 
^ L- L. , u. 1 . 6,19,22-26 , data have been analyzed by several workers . A l l 
these analyses show that the so called optical limit result 
of Czvz and Maximon"^ fails seriously to account for the data 
even in the low momentum transfer region. Thus in order to 
make the working of the Glauber model for nucleus-nucleus 
scattering transparent one has to consider either the full 
series or to search for a better approximation scheme than 
IS involved in arriving at the optical limit. Noting that, 
evaluation of the full Glauber series is, in general, 
mathematically intractable because of very slow convergence 
of the usual expansion of the Glauber series and the presence 
of higher order densities and multidimensional integrals, 
several workers have proposed alternative expansions in an 
attempt to have a rapidly convergent series expansions for 
the Glauber amplitude. Notable attempts in this direction 
19 are: phase expansion method by Franco and Varma , 
25 correlation expansion method by Alkhazov and the effective 
22 profile expansion method by Ahmad . The first two give 
« 
infinite series while the last one gives a series of finite 
number of terms which may be put in one-to-one correspondence 
with the usual expansion in terms of the NN profile function. 
All these expansions converge more rapidly than the usual 
one, yet not so rapidly as to make the evaluation of the 
nucleus-nucleus S- matrix or the scattering amplitude 
sufficiently simple. 
19 
In the phase expansion approach of Franco and Varma 
the total elastic phase of nucleus-nucleus scattering is 
expanded as an infinite series, the first term of which 
involves the one-body densities of the colliding nuclei, the 
second term involves the two-body densities of the colliding 
nuclei, and so on. Since evaluation of the higher order terms 
with realistic wavefunction becomes mathematically 
intractable these authors used the independent particle modfel 
with the Gaussian wavefunction to study the convergence of 4 4 
the phase expansion series. In the case of He- He scattering 
at 2.1 GeV/n these authors showed that consideration of at 
least first four terms of the expansion is to get the same 
result as with the full Glauber series. Still, the fact, that 
consideration of the first four terms is necessary implies 
that not much has been gained on the computational front 
specially when realistic wavefunctions of the colliding 
nuclei are to be used. Most of the remarks made above also 
apply to the correlation expansion approach proposed by 
25 Alkhazov 
In the e-f-fective profile expansion method as proposed 
by Ahmad^^ instead of the elastic phase one expands the 
elastic S-matrix. This differs from the usual expansion in 
that the S-matrix is now expanded in terms of an effective 
profile function(to be discussed in detail later) rather than 
the NN profile function. The advantage of this approach is 
that all such multiple scattering terms of the full Glauber 
series in which both the colliding nuclei always remain in 
the ground state are lumped together in the first term. The 
higher order terms of the expansion involve only those 
scatterings in which at least one of the nuclei is excited. 
40 
Using this expansion, Ahmad analysed the o<>- Ca elastic 
scattering data at 1.37 6eV using realistic densities with 
fair success. Although, Ahmad could not go beyond the second 
order term in the expansion because of the computational 
difficulties, yet the finiteness of the expansion makes the 
effective profile approach promising and worthy of further 
study. 
Efforts have also been made to interpret the nucleus-
nucleus scattering data using the so called "rigid projectile 
approximation"^^'^^'^^ 30^ This model assumes that the 
incoming projectile is a single rigid entity such that 
nucleus-nucleus scattering problem may be treated in the same 
manner as the N-nucleus scattering problem with the N-
12 projectile amplitude as elementry. Studies of c< - C and 
4 0 Ca scattering data in the framework of this model at 1.37 
GeV show that the model gives much better results than the 
optical limit approximation particularly in the forward angle 
region. However, at large momentum transfers the predictions 
of the model deviate from experiments considerably. This led 
Ahmad and Alvi^^ to propose a semiphsnomenological method of 
analysis within the framework of the rigid projectile model 
using a phenomenological effective Nc< amplitude instead of 
the free Not. amplitude. This method satisfactorily explains 
the experimental data even at large momentum transfers over 
a wide energy range with only one free parameter. However, 
further studies are needed to delineate the Physics behind 
the success of the semiphenomenology. 
In this work we present some studies in nucleus-nucleus 
elastic scattering at intermediate energies with two main 
motivations. One concerns the study of the working of the 
Glauber model for nucleus-nucleus scattering. It has been 
already pointed out that whereas the Glauber model for N-
nucleus scattering has been extensively studied and has been 
found useful as a theoretical basis for analyzing relevant 
experiments, its generalization to nucleus-nucleus scattering 
has not undergone a similsr test. This is mainly because of 
the computational difficulties involved in evaluating the 
full Glauber series. The only situation when the full series 
can be evaluated without recourse to any approximation is 
that of the single gaussian description of the colliding 
nuclei. Knowing that the single particle Gaussian model does 
not work well specially in situations involving high momentum 
components of nuclear wavefunction, a comparision of the 
prediction of the full Glauber series evaluated using the 
Gaussian model with corresponding experiment is unlikely to 
shed enough light on the working of the model for nucleus-
nucleus scattering. This is mainly because discrepancies, if 
any, may be attributed either to the poor description of the 
colliding nuclei or to the failure of the model. Therefore, 
keeping in view the increasing interest in the application of 
the Glauber model for nucleus-nucleus scattering to a variety 
of situations, it is highly desirable to undetake the full 
Glauber model calculation with realistic densities (or 
wavefunctions) of the colliding nuclei. In the present work 
4 4 
we have undertaken such calculations for the He- He elastic 
scattering although the technique used is not practable when 
any one of the nuclei involved in the collision has large 
mass number. 
The other motivation of the present work is to examine 
at length certain approximation schemes for the Glauber 
scattering amplitude. The main consideration for undertaking 
the study is that unless there is some simple and reliable 
method of ana 1ysis(such as we have for N-nucleus scattering), 
the nucleus-nucleus scattering experiments may not be used to 
8 
extract nuclear structure or any other information. We start 
by giving two expansions of the Glauber S-matrix. One is such 
that the first term of the expansion gives the rigid 
projectile model(RPM) and the remaining terms provide 
corrections of various order to it. The other is the 
expansion of the S-matrix in terms of the Bell's polynomial. 
The two expansions have been used to study respectively, 
corrections to the RPM and the convergence of the effective 
profile expansion of the Glauber S-matrix. 
The contents of the thesis may be summarized as 
follows. In chapters 2 and 3 we briefly review respectively 
the development of the Glauber model for nucleus-nucleus 
scattering at medium and high energies and the various 
notable approaches or approximation schemes that have been 
used so far to evaluate the Glauber amplitude. 
In chapter 4 we apply Monte Carlo method of evaluating 
the multidimensional integrals to calculate the full Glauber 
4 4 
amplitude for He- He elastic scattering at intermediate 
energies without recourse to any approximation using Gaussian 4 
and the double Gaussian densities for He. The latter density 
is taken to be consistent with electron scattering 
experiments over the momentum transfer range covered so far. 
The results of this chapter highlight the importance of using 
realistic densities in nucleus-nucleus scattering 
calculations. 
The computational technique developed in chapter 4 is 
4 4 
further employed to calculate He- He elastic scattering with 
the best available variational wavefunction with very 
encouraging results. These calculations are presented and 
discussed in chapter 5. 
In chapter 6 we present an expansion of the Glauber S-
matrix such that the first term gives the RPM and successive 
terms provide corrections to it. we calculate the correction 
to the RPM as provided by the second term of the expansion 
and find that its contribution, though in right direction, is 
smal 1 . 
The chapter 7 presents an expansion of the Glauber S-
matrix in terms of Bell's polynomial. We use this expansion 
technique to study the convergence of the effective profile 
4 4 
expansion series of the Glauber S-matrix for He- He elastic 
scattering. 
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Chapter 2 
EIKONAL DESCRIPTION OF HIGH ENERGY NUCLEAR SCATTERING 
12 
2.1 INTRODUCTION 
Generally speaking, quantum mechanical equations of 
motion pertaining to complex systems are prohibitively 
difficult to solve exactly. Therefore, approximation methods 
have been developed to tackle such problems and obtain 
approximate solutions to a dasired degree of accuracy 
depending upon the nature of the problem. The generally used 
approximate methods are: perturbation method, variational 
method, and semi-classical method. The perturbation method is 
more appropriate when the perturbing potential is small while 
the variational method works better in situations when there 
is enough insight of the problem to enable to choose a good 
trial wavefunction^. The semi-classical method which forms 
the basis of the present study is used in situations 
involving large quantum numbers or when the de Broglie 
wavelength associated with the relative motion is much 
smaller than the characteristic dimensions of the system. 
More precisely semi-classical methods are used to obtain 
expressions for wavefunctions and other quantities of 
interest which are correct in the limiting case when the 
Planck's constant is small in comparision with the action 
functions occuring in the corresponding classical problems. 
It differs from the perturbation and variational methods in 
13 
that the perturbation method produce a series expansion for 
the quantities of interest in powers of a variable which 
specifies the departure of the given problem from an exactly 
solvable case, while the variational methods produce a best 
estimate out of a given class of trial solutions. 
The semi-classical method to solve quantum scattering 
problems, assumes a rather simple form in the domain of 
medium and high energies where it may be safely assumed that 
the projectile follows a straight line trajectory within the 
interaction region. This straight line or the eikonal 
approach has been extensively studied and developed for 
medium and high energy nuclear scattering by Glauber^ and 
2-15 
others and is known i n the literature as the Glauber 
model. 
In this chapter, we will mainly describe the Glauber 
m o d e l T h e emphasis will be on development of the model 
rather than on describing its extensive applications to 
interprete experimental data. A convenient formulation for 
describing the high energy potential scattering will be given 
first. The result so obtained will next be used to develop 
microscopic description of the elastic and inelastic hadron-
nucleus scattering as well as nucleus-nucleus scattering. 
This will give a necessary background for the work presented 
in this thesis. 
2.2 POTENTIAL SCATTERING IN EIKONAL APPROXIMATION 
The problem of the scattering of a high energy 
particle of mass m and momentum p(='Fi!<) from the interaction 
potential V(r) which for simplicity is assumed to be spin 
independent, consists of solving the Schrodinger equation: 
(r) = V(r) V. (r) 2.'2.1 
subject to the boundary condition that at large distances 
from the interaction region the wavef unc tion r) has the 
asymptotic form: 
ik.r ikr 
V. (r) > e " + f(8) 2.2.2 
where f(8) is the scattering amplitude which gives the 
differential scattering cross section through the relation: 
^ = . 2.2.3 
To obtain an expression for the scattering state wavefunction 
"HTCr) we introduce the free particle Green's function Q c ~ o 
appropriate to the outgoing boundary condition: 
expCiklt^-r' I 3 
Go^i:.!:' ) = 2.2.4 ° 2nfy^ Ir-c'l 
15 
which satisfies the equation 
"h 
Now it is easy to see that 
ik'.r -
V ( r : ) = B ' " +\G(r,r')V(r')-4^(r')dr' 2.2.6 
which leads to the following expression for the elastic 
scattering amplitude for a particle of initial momentum fik 
and final momentum fik' C f(B)=f(k,k') ] : 
r "ik' -E; 
f(k,k') = \e V(r)Y. (r)dr . 2.2.7 
Upto this point no approximation has been made and henpe 
eq. 2.2.7 gives an exact expression for the scattering 
amplitude. 
To evaluate the scattering amplitude from eq. 2.2.7, 
one needs V. . This amounts to salving the Schrodinger a. 
equation with the appropriate boundary condition. Since, in 
general, it is a difficult proposition, physical 
considerations are invoked to obtain an approximate 
expression fqr to be substituted in eq. 2.2.7 for 
evaluating the scattering amplitude. 
In the domain of high energy scattering, if the kinetic 
energy of incident particle greatly exceeds the interaction 
16 
potential V(r) and the associated wavelength >>(=k is 
much smaller than the typical variation length 'a' of the 
interaction: 
|V(/E << 1 ka >> 1 2.2.8 
it is reasonable to assume that the incident particle follows 
i almost a straight line trajectory along the incident 
direction even in the interaction region (Fig. 2.1). In other 
words if the energy of the incident particle is sufficiently 
high, it is a good approximation to assume that the 
Fig. 2.1 
17 
wavefunction Y. (r) is of the form: K 
ik . r 
e ^(r), 2.2.9 
where /'(r) is a slowly varying function which satisfies the 
boundary condition(This assumes that k is along positive z-
ax is ) : 
/=(r) > 1 . 2.2.10 
z >-«> 
Substituting eq. 2.2,9 in the wave equation 2.2.1 and 
2 neglecting 9 one obtains 
^ = ziiL Kf(r)P{r) . 2.2.11 




SO that (v=fik/m) 
>z 
ik.r - J V(x,y,z' ) dz' 
V. (r) = e . 2.2.13 
Next substituting the above wavefunction into tha expression 
2.2.7 for the scattering amplitude, one gets: 
/'(x,y,z) =. e x p C ^ J V ( x , y , z ' ) d z ' } 2.2.12 
-ik' .r ik.r— 1 
z A 
V(b+kz')dz' 2 X TV • 1 .li rs • I ^ 
f ( k , k ' ) = - ^ e "" ""v(r) e "" "" "^ -oo dzd^b , 
2.2.14 
" 2 where r=b+ks and dr=d bdz (see Fig. 2.1).The symbol k denotes 
the unit vector along k. The above equation may be put in the 
form 
, i(k-k' ).(b+kz ) -m V(b+k2 ) 
K e •hv 
V(b+kz.' )d2' 
-<0 dzd b 2.2.15 
Now, energy conservation requires Ik'I = |kl. Thus, the error 
A 
in equating expCi(k-k').kz] to unity is not large. Therefore, 
the scattering amplitude as given by eq. 2.2.15 may be put in 
the following simple form: 
- 1 




For small scattering angles the vector k-k' is approximately 
perpendicular to k and hence, introducing the momentum transfer 
k-k • 2.2.17 





-1 r 2 (b) =-7— J d b V(b+kz) dz . 2.2.18 - "nv —«» { 
we may write eq. 2.2.16 as 
iq.b iX(b) 
d^b e ~ Ci- e ] 2.2.19 
This is the basic result of high en®rgy potential scattering. 
For potentials with azimuthal symmetry we may go one step 
further by noting that 
C27T iAco9($) 
^ J e dfi = J , 2.2.20 2ji O * O 
where is the zeroth order Bessel function. Thim gives 
^ iX(b) 
f(q) = ik ( db b J^(qb) CI- e ], 2.2.21 
•'o 
where 
q = 2k sin(®/2) 2.2.22 
The straight line motion of the projectile within the 
potential range limits the validity of the theory for email 
angles. This introduces a kind of asymmetry between the 
incident momentum k and the final momentum . A better 
description may be obtained by assuming that, in the 
interaction region, the projectile moves in the direction of 
the average momentum K defined by (Fig. 2.3) 
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K=(k+k')/2 2.2.23 
Fig . 2.3 
Now, th» momentum operator p in the wave equation is expandad 
along K and approximated as (fi^ l)-
(p)^ = 2.K.P -K^ . 2.2.24 
Substituting the above approximation for p^ in the wave 
equation, taking the z axis along K and proceeding as before, 
one obtains the same expression for f(q) as given by eq. 
2.2.19 with the understanding that now the phasa function 
as given by eq. 2.2.18 is to be evaluated by performing 




2.3 GLAUBER MODEL FOR NUCLEON-NUCLEUS SCATTERING 
We are now fairly equiped to consider the problem of 
the scattering of a high energy projectile on a system of 
bound particles. We particu1arize the discussion by 
considering the scattering of a nucleon described by the 
coordinate i;; on a target nucleus of mass number A governad by 
the Hamiltonian H^. We denote the target nucleon coordinates 
by r^(i=l,2,...,A) and the target states by For 
simplicity we neglect the spin and i-spin coordinates. The 
target states satisfy the equatic Lon 
2.3.1 
where ^^ are the energy eigen values. 
The time dependent equation for the present problem may 
be written as 
C — + V(r;r^,r ) + h } V = iti ^  , 2.3.2 
2m c)t 
where 
^ -NN^^-^^i) 2.3.3 
with Vj^ j^j as the NN interactional potential . 
Next, we introduce the state through the 
transformation: 
22 
= e V 2.3.4 
to obtain 
C — + e V(r;r. ,r„,...,r-)e ^ 2 ' ih^— 2.3.5 2m 1 2 A ^^ 
or 
I ih V ^ + V ( r ; r . ( t ) > 3 H J = i 1 ^ ^ 2.3.6 
2m " ^ at 
A where r^(t) are the coordinate operators in the Hei»enberg 
picture: 
iH^t -iH^t 
r^(t) = e r^ e . 2.3.7 
Now, we write eq. 2.3.6 as 
2 
+ i'h V(r;r.(t) 2.3.B 
2m at " ^ 
and assume that the desired solution is of the form 
i(k.r- t) 
H^(r,t) = e 2.3.9 
where ^^ is the ground state wavefunction of the target, 
E=hio, and fil^  is the momentum transfer cor respond ing to the 
relative motion. Here P is an operator implicitly dependent 
on r^(t). Substituting eq. 2.3.9 in eq, 2.3.B and making the 
high energy approximation (V^PnO for all t), we get 
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It^ ^(C.t) = V[r;;.(t)] P(r,t) 2.3.10 az V Dt 
Using the transformation 
t'= t-- ; z' = z 2.3.11 V ' 
the above equation may be put in the following form 
^(b+kz,t'+z/v)= ^ VCb+kz;r.(t'+Z/V)] (b+kz,t'+2/v). 
^^ " nv ~ 1 - 2.3.12 
In general, the potential at different points along the z 
trajectory do not commute. As a consequence, the integration 
of eq. 2.3.12 is not so simple as was the case in a similar 
situation before. 
Displaying only the z dependence the solution of eq. 
2.3.12 with the boundary condition P(z) > 1 may be 
2 >-
expressed as 
z . 2 ,Z 
dz ' dz" V(z•)V(z") + 
-cC "—CO - 0 0 
2.3.13 
Introducing the z ordering operator^ which arranges the 
product of the z dependent operators in increasing order of z 
from right to left e.g. 
VCz^) = V(z^) Vtz^) ) 
= V(Z2) V(z^) ; . 
2.3.14 
2A 
to write eq. 2.3.13 in the form 
- X 
A z ) = 2 fSv 
V( z' ) dz' 
2.3.15 
When the potentials at different points along ttie z 
trajectory commute the ^ ordering is unnecessary and one 
gets the usual exponential form for P . 
•m 
From eqs. 2.3.12 and 2.3.15 it follows that the 
modulating function /"(r^t) may be put in the forr 
• /-z 
- 1 
P{r,t) = e'^ '^  -oo " ' 2.3.16 
VC(b+kz' dz' 
Now, We are in a position to evaluate the probability 
amplitude for the target, making transition from the ground 
state to some excited state when the projectile is at r 
at time t. Using eq. 2.3.9 the transition amplitude may be 
written as 
t) - 1 VC(fe+k7' ) ;r. ( t - ^ ^ ) ] 
2.3.17 
Since 
A z —z 
^'"'o(t-z/v) t-z/v) 
fi A , , ^ "Hh e r.(z/v ) e 1 
we may write 
£ -£ f o =expUC(k- ^^ ") z - ^^ ")t3) 
- 1 
f)V J e -oO 
V[(b+kz' ) / v ) ] d z ' 
2.3.18 
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It may be noted that is the energy tranefered to the 
target nucleus. Hence the corresponding loss of energy of the 
projectile ( and the loss in the magnitude of the 
momentum (6.-6 )/v for I << E is consistent with the f o f o 
energy and momentum conservation. 
For low lying transitions and large projectile energy, 
the energy difference and the time interval ^ /v may 
be neglected. Under this approximation we have 
-i r^  ^ A i(k.r- t) z - ] VC(b+kz');r.(o)]dz' 
($^,HJ(r,t)) e " - e"'' c^o ^ 
2.3.19 
Further, we note that, in eq. 2.3.19, r^(o)=r^, so that the 
interaction potential (which is assumed to be spin- isospin 
independent) at different points along the z trajectory 
commute. Hence the z ordering is unnecessary and one can 
omit the ^ operator. This, as will be seen below, simplifies 
the problem greatly. However, if the interaction potential , 
V, itself contains such spin dependent components as to 
violate the commutativity along the 2 trajectory, then the z 
ordering operator becomes important. 
Considering situations when the z ordering operator is 
unimportant eq. 2.3.19 implies that 
i ( t ) - i VCb + kz' ;r . ]dz -
S^(r,t)=e ^ i o o " ^ ^ . 2.3.20 
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Hence the time independent wavefunction under the eikonal 
approximation may be identified as 
v'[ b+kz' ; r . ]dz ' 
2.3.21 
ik . r -
\jj fiv -to 
Now, the scattering amplitude F^^(g) for transition from the 
ground state to some excited state is given by 
m F,^(k,k') = „ 
-ik'.r 
2.3.22 
Substituting eq. 2.3.21 into eq. 2.3.22, we may write 
2.3.23 
where 









The above equation may be treated in the same manner as for 
the potential scattering (sect. 2.2) to obtain 
^ 1 k F(q) = 2 , i^T^fe^ d b e ( 1 - e 2.3.25 
where the total phase function is given by 
,06 -1 2.3.26 
^ -oo ~ ^ 
Next, substituting eq. 2.3.3 in eq. 2.3.26 and writing 
r=s.+kz. 
- -1 1 
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where s^ are the projections of r^ in the plane 
A 
perpendicu1ar to k (Fig. 2.4), we obtain the following 
expression for the total phase function: 
A 
i = l 




This is the phase function for the scattering of the 
projectile nucleon with the target nucleon located at r^ 
with the impact parameter (b-s^) as shown in Fig. 2.4 . 
Fig. 2.4 
Thus we find that the total phase function for nucleon-
nucleus scattering is the sum of the phase functions for the 
scattering of the projectile nucleon on target nucleons. This 
2 8 
principle of additivity of phase functions is a direct 
consequence of the additivity of the two-body interaction and 
the approximation of neglecting the target dynamics during 
the passage of the projectile( viz. replacing the Heisenberg 
coordinate operator by r^(o) in eq. 2.3.18 . The 
approximation is clearly justified for sufficiently fast 
moving projectiles. 
Finally, substituting eq. 2.3.27 in eq. 2.3.25 and 
using eq. 2.3.23 we get the following expression for the 
nucleon-nucleus scattering amplitude: 
r- , % ik 2 ^a-fe . , d^b e 1 - e 1 = 1 • 
2.3.29 
2.4 MULTIPLE SCATTERING EXPANSION 
The essentitial result of the previous section is that 
the scattering amplitude for N-nucleus scattering may be 
A 
obtained by taking the matrix element of the operator F(q) 
between the target ground state and the final state 
where(cf. eq. 2.3.25) 
,-a 
F(q) = 2 d^b e CI - e 1 = 1 ^ ] . 2.4.1 
A 
The operator is in fact the scattering amplitude for a 
fixed configuration of the target nucleus with is the 
29 
nucleon momentum. 
We now use eq. 2.4.1 to demonstrate that the additivity 
of the phase function implies a finite multiple scattering 
series for the scattering amplitude. This series is called 
the Glauber multiple scattering series^. For this, we use eq. 
2.2.15 for NN scattering which will then give the relation 
between the NN scattering amplitude f.,.,(q) and the NN phase 




d b e -
^^^(b) = 1 - e . 2.4.3 
The function Tj^ j^  is the NN profile function . 
It is seen that the f j^ ^^ Cg)/ik^ j^ may be interpreted as 
the two dimensional Fourier transform of the profile function 
Pj^ l^ Cb). Therefore, taking the inverse Fourier transform, we 
have 
N 
Since the profile function f^ fyj^ b) through eq.2.4.4 is a 
directly measurable quantity(except for the over all phase), 
4 
the Glauber theory seems very useful to analyza medium and 
high energy hadron scattering experiments. If the NN 
amplitude is known one can learn about the nuclear 
30 
wavefunctions. Alternatively if the target wavefunctions are 
known one can obtain information on the NN amplitude. 
We now use eq. 2.4.3 to write eq. 2.4.1 in the form 
A 
d b e [ 1 - S(b)], 2.4.5 
A where S-matrix operator, S(b), is given by: 
A 
S(b) = C 1 - P., ( b-s . ) 2.4.6 . , NN -1 = 1 
Next, expanding the product in eq. 2.4.6 as 
S(b)= 1- - ) 
1=1 i<j 
- •••• 2.4.7 
i<j<k 
and substituting the same in eq. 2.4.5 the following 
expansion may be easily obtained: 
A ^ 
i = l 
A iq.r. 
F (q) = ^ f (q) e " 2.4.8 
1 i = l NN "" 
-1 V - r 2 2 
N i<j 
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A The -first term F.(q), in the above expansion gives the 1 
contribution of single scattering in which the projectile 
nucleon scatters with any one target nucleon once and leaves, 
the nucleus, the second term F„(q) gives the contribution of 
the double scattering in target before leaving the nucleus, 
and so on. Only upto A-tuple scatterings are allowed by the 
model. This is mainly because of the assumed forward 
propagation of the projectile which precludes rescattering 
from the target nucleus. 
Finally the expansion 2.4.8 may be applied to calculate 
the elastic and inelastic scattering amplitudes using eq. 
2.3.23: 
F.(q) . 2.4.9 
i = l 
However, application of eq. 2.4.9 is convenient only when A 
is small or when the scattering cross section is to be 
calculated in the cluster model of the target nuc 1 eus^' . 
2.5 INCLUSION OF COULOMB SCATTERING 
So far we have disregarded consideration of Coulomb 
scattering which is by no means unimportant for charged 
projectiles like protons. It may be included in the 
calculation by considering the nucleus as a spherically 
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symmetric charge distribution and adding the correspondtg 
phase function to the nuclear phase. The result for the 
elastic scattering amplitude may be expressed as^^ 
J db b J^(qb)e ^ [1-e ^ <0)S(b)|0>] 
2.5.1 
with 
^^c/ 2 F^^^(q) = -2>}k e q 2.5.2 
% (b) «= 21 In(kb) , 2.5.3 pt -
2 2 1/2 
dtt /J^^(t) (InC (1-b /t ) ^3} 
2.5.4 
where is the fine structure constant, ^^ the charge 
density of the nucleus and 
$ = -2yi Cln(q/2k) + Y} + 2 JZ^ [ - 2.5.5 
r=0 
Here t is the Euler's constant. 
2.6 NUCLEUS-NUCLEUS SCATTERING 
The formalism for high energy nucleus-nucleus 
scattering to be described below is a straight forward 
generalization of the Glauber multiple scattering theory for 
hadron-nucleus scattering as described in the previous 
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section. The underlying dynamical principle being the 
additivity of the phase functions corresponding to the 
elementary interactions. 
Consider the scattering of a projectile nucleus of mass 
number B from a target nucleus of mass number A. Let 
r^ , . . . , r^) and < C^ ' • • • • l^ A^  their ground state 
•functions; and r^ . ( j = l, 2, . . , B ) and r ^  ( i = l, 2, . . A ) their wavei 
intrinsic coordinates as measured from the respective centres 
of mass . Further, let fiK be the momentum associated with the 
relative motion of the two nuclei, and s^(i=l,...,A) and 
Sj(j=1,...,B) be the projections of r^ and on a plane 
perpendicular to K, respectively (Fig. 2.5) . 
f '^''y* 
\ / ' 
B 




Now if b is the impact parameter for the collision of B 
on A, the phase shift function for the collision of j-th 
projectile nucleon with the i-th target nucleon is: 
s^+Sj ) , where is the phase shift function for the NN 
scattering. Thus invoking the principle of additivity of 
phase shift functions the total phase function for the 
scattering of the projectile nucleus B on the target nucleus 
A may be written as 
= t: 11 . 2.6.1 
1=1 J=1 
Hence using eq. 2.3.29 and neglecting Coulomb scattering the 
elastic scattering amplitude may be expressed as 
^ , . iK 
•^BA^a^^ 27T 
2 -d b e 
M^ g I S(b) I H^ftH^g)], 2.6.2 
where the S-matrix operator in this case reads as 
A B 
i ^ y.,.,( b-s .+s'. ) 
S(b) = e 1 J NN --
or using eq. 2.4.3 
A B 
= n n tl- r^^Cb-s.-^s' ) . 2. ^,.4 
1=1 j=l 
Thus, the basic problem in the study of nucleus-nucleus 
35 
scattering at medium and high energies is to evaluate the 
elastic S matrix element 
) . 2.6.'-. 
or 
(-i^-'^-B) ^rl-'diB-
^ ® 2 . 6 . 6 
As it turns out that the problem posed by eq. 2.6.5 is not as 
simple and straightforward as it was thought to be initially. 
The main reason is that the multiple scattering series 
resulting from the double product in tha expression 2.6.4 
converges rather slowly. In consequence, fairly large number 
of higher order terms of the multiple scattering expansion 
are needed for realistic evaluation of S„.(b). These higher O H 
order terms involve multidimensional integrals and higher 
order densities of the colliding nuclei which make their 
evaluation prohibitively tedious. In the next chapter we 
briefly discuss the various approximation methods that have 
been used to evaluate S„.(b) approximately. D A 
2.6.1 Coulomb scattering for nucleus-nucleus scattering 
So far our discussion of the nucleus-nucleus scattering 
has disregarded the Coulomb scattering which is quite 
36 
important. This defficiency can be remedied rather easily as 
explained in the case of proton-nucleus scattering (sect., 
2.5). The only nontrivial difference from that case being 
replacement of the finite charge distribution of the target 
by the folded nuclear charge distributions of the projectile 
and the target nuclei. Thus the formula we have used for 




d b e e [l-e ^ <00{S(b)I00>] , 
iq.b (b) i^-^Cb) 
2 . 6 . 8 
and given by eq. 2.5.2. 
The quantities X-'^^(b) and X- (b) are the same as given c - c " 
by eqs. 2.5.3 and 2.5.4, with the difference that the fine 
structure constant and P .{t) should now be read as: ch 
= Z^Zg /(i37.036v^) , 
where P ^ and ^ are the charge distributions of the 
target and the projectile nuclei, respectively and v^ is the 
velocity of the projectile in the c.m. frame. 
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Chapter 3 
APPROXIMATE METHODS FOR EVALUATING THE S- MATRIX 
39 
In this chapter we will briefly review the various 
approximate methods that have been used in the literature to 
evaluate Glauber model S-matrix for nucleus-nucleus 
scattering. The purpose is to provide necessary background 
for the present study and to bring to focus the importance of 
our investigation. 
3.1 THE APPROACH OF CZYZ AND MAXIMON 
Czyz and Maximon^ were perhaps the first to study the' 
nucleus-nucleus scattering in detail in the Glauber model. To 
evaluate the S-matrix element (eq. 2.6.5 ) they assume that 
the ground state many body densities of the target as well as 
projectile may be written as the product of the single 
particle model densities Pj.^^ and (each normalized to M O 
unity): 




2 ^ ( M ) 
3.1.2 
These authors further assume Gaussian model for the single 
particle model densities which enable them to evaluate the 
multidimentional integrals analytically, after applying the 
well known prescription for accounting for the c.m. 
correlation. In this way they derive a closed though lengthy 
and fairly complicated expression for the nucleus-nucleus 
scattering amplitude. 
Application of Czyz and Maximon's approach to nucleus-
nucleus scattering calculation presents two major problems. 
First, except for very light nuclei nuclear densities cannot 
be approximated by the Gaussian model and second, when the 
multiple scattering series is truncated at some point, which 
one is forced to do for non Gaussian models, the c.m. 
correlation correction factor which multiplies the 
independent particle model amplitude makes the calculated 
2 3 amplitude diverge at large momentum transfers ' . 
The above remarks become obvious by considering the so 
called optical limit expression for the elastic scattering 
amplitude which Czyz and Maximon obtain by neglecting certain 
class of terms in the multiple scattering series. The optical 
limit result reads as 
r 2 d b e X 
Cl-e 3 
3.1.3 
where 0/v,nv the c.m. correlation factors for H J fcj} 
target(projectile) nucleus: 
where '^^(B) parameter. 
It is because of and 9g(q) that the calculated 
amplitude diverges when optical limit is considered or the 
multiple scattering series is truncated at some point. 
3.2 THE PHASE EXPANSION APPROACH 
2 
Franco and Varma have studied the problem of medium 
and high energy nucleus-nucleus scattering in some detail. 
These authors adopt a symmetric approach in that the two 
colliding nuclei are treated on the same footing. The main 
idea is to define the total elastic phase function Xj(t>) 
through the relation: 
SB^(b) = e , 3.2.1 
and expand y^(^) in terms of an infinite series 
eve 
iYT.(b)= i2Ix.(b) = iX (b)+ iX (b)+ iX^(b) + 3.2.2 
In this, the first term depends upon the ground- state 
densities, and the other involve the two-, three- and higher 
order many-body densities of the two colliding nuclei. We 
omit all mathematical details and describe some notable 
A ^ 
features of this approach. The first two terms of the 
expansion involve one- and two- body intrinsic densities. For 
the independent particle model the leading terms which 
survive in iX2(b) (let us assume A = B = A for simplicity ) 
3 2 are proportional to A , whereas iV.^  is proportional to A . 
Therefore, iTl^  is not necessarily small as compared to iX^ . 
Other higher order terms whiich involve three-, four— and 
many-body densities, are much cumbersome to evaluate. 
Moreover, at present our knowledge of higher order densities 
is rather poor. 
Working within the framework of the independent 
particle model, these authors have shown that term-by-term 
accounting for the c.m. correlation is important for the 
convergence of the series at least for large impact 
parameters. The importance of the c.m. correlation in the 
double scattering term has also been shown explicitly by 
3 4 Varma and Ahmad . 
One of the major shortcomings of the phase expansion 
approach is that the series contains infinite number of 
terms. 
3.3 ALKHAZOV'S EXPANSION 
Alkhazov^ has proposed another approach for evaluating 
Sg^(b) which is a genera 1ization of his correlation, 
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expansion formalism for N-nucleus scattering^, 
In this approach Sg^(b) is written ag 
Sg^(b) = (1 - 6 ^ ( b ) 3 . 3 . 1 
where 6 assumes the form o 
G (b) = y ~ e^'^^b) 3.3.2 o o -
Here again the quantities '^ o^  ^  ' " * ' which depend 
upon the two-body, three-body densities have similar 
structure and hence same kind of shortcomings as is the case 
with the phase expansion approach discussed in the previous 
section. Thus, one encounters an infinite series with rather 
slow convergence which makes it difficult to provide a direct 
interpretation to the expansion in terms of the multiple 
scattering processes. 
3.4 THE RIGID PROJECTILE MODEL 
The rigid projectile model (RPM) which treats the 
composite projectile as a "rigid' single entity has been used 
in the low energy domain from the early days. However, at 
medium and high energies it was first used by Tekou^ to 
describe d-d scattering. The most attractive feature of RPM 
is that it reduces the nucleus-nucleus scattering problem to 
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N-nucleus scattering one with the difference that the 
elementary NN amplitude in the later 15 replaced by the 
projectile-N amplitude in the former. 
It IS instructive to see how the RPh can be obtained 
from the Glauber model. For this, we take the S matrix 
A 
operator, S(b), as the starting point and group together the 
factors in the operator which contains the same target 
Q 
nucleon coordinates : 
S(b) = 
A 




1 J = i 
C i - r ( b-s +s' ) ] 3.4.2 
so that application of the closure over the projectile states 
between each group gives: 
1 = 1 
" H . . . . . I m. m A-1 
(V^ [ (H^  I Z, IV ) (V 1Z„( V ) A D 1 m^ m^ Z m^ 
. . . (V I Vp ) ] H^) . 3.4.3 
Thus, If all but the ground states of the projectile is 
neglected, one obtains the following expression for Sg^(b) 
-fir 
1 = 1 
3.4.4 
Next. it IS noted that the expression for the elastic 
scattering of a nucleon on a nucleus B reads as 
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Sg^(b) - ( M ^ ^ l n c L - n (b-s, ) ] I 




r 2 d q e 
N 
3.4.8 
It may be recognized that the quantity Pj^gCb) is just the 
profile function for the elastic N-projectile scattering at 
the incident nucleon kinetic energy (E is the kinetic 
energy of the incident projectile). 
Now, particularising to o<-nucleus scattering we note 
that S^^(b) may be expanded in a correlation series as in the 
Q case of N-nucleus elastic scattering : 
where 
= Q(b-S.) dr , 
3.4.9 
3.4.10 
and CCr^jr^) is the ground-state pair correlation function of 
6 
the target: 
- p(r^) P(r^) . 3.4.11 
Further, eq. 3,4,10 may be written in terms oi the No<' 
scattering amplitude '^ 'j^ C^Q) using the relation (3.4.8) 
1 dq Cq JQ(qb) F^(q) 3.4.12 
where F (q) is the form factor of the target nucleus: 
F^(q) = 
iq , r 
e dr . 3.4.13 
On the basis of the estimate by Ahmad and Auger regarding 
the contribution of the higher order terms in medium energy 
p-nucleus scattering, it may be said that the series 3.4.9 
converges rather rapidly and that the contribution of the 
pair correlation term for medium and heavy weight nuclei is 
rather small. One expects the same for ©(-nucleus, 
scattering. 
9 
The RPM is found to give much better description of 
the nucleus-nucleus elastic scattering data than the optical 
limit description of Czyz and Naximon. It has been applied to 
analyze the elastic and inelastic scattering data of 1.37 6eV 
particles on nuclei with fair degree of success though it 
suffers from the following weaknesses. First,the excitations 
of the projectile between successive collisions with the 
4 7 
target nucleons are neglected , and second the treatment of 
the projectile in the target is rather unsymmetrical. 
3.5 THE SWARM PROJECTILE MODEL 
The Swarm Projectile Model^*^ (SPM) is an extension of 
the method used by Faldt and Pilkuhn^^ in which the 
projectile is treated as a swarm of nucleons moving with 
equal velocities and distributed according to the projectile 
wavefunctions. With the help of Eqs. 2.6.2 and 2.6.4 we have: 
o( A A .n ^r^drj 3.5.1 
which can be written in the standard target thickness 
approximation 
4 4 
S ^ A^b) = exptZIt^) n ^S^tlj) ^Cj 
n=1 J =1 
3.5.2 
The term 
1 = 1 
T(b+5^) 3.5.3 
do not envolve the mutual shadowing of the nucleons of theD< 
o(particle while the terms and t^ correct for the mutual 
shadowing of two, three and four nucleons: 
t^=rrav^y T(b+(s,+s )/2)exp(-(s -s )^/4a) , 2 1 ~ 1 m 1 m 1 <m 
3.5.4 
1 <m<n 
T(b+(s.+s +s^)/3 ) X 1 m n 
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x expc-((s -s +(s -s +(s -s 1 m I n n m 3.5.5 
and 
t- = ( i/2)7ia v'^  T(b) exp(- A s^/2a) 3.5.6 
where 
T(b) = A 3.5.7 
S^ p^  is expanded in such a way that the leading term envolves 
only t^^t^jt^ and t^ appear in successively smaller terms. 
This is achieved by using the identity! 
4 t 4 t. t. t. 
exp(X_t )= e ^-1) + > (e ^-i) (e "'-l) 
n=i i=2 l<i<j 
4 t. 
(e ^-1)} . 
i=2 
3.5.8 
Using this expression Eq. 3.5.2 reduces to a finite expansion 
of the form 
8 
i = l 
(i) 
'o^ A 3.5.9 
where first dominant term is 
o< A 
r t . 4 
1 
j = i 
r 25d5 -(s-b)^/R^ -2 a T(s) . ,2sb ,^4 3.5.10 
where is related to the modified bessel function 
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I (X) = I (X) 3.5.11 n n 
The authors have? also extended this formalism to the 
inelastic -nucleus scattering. In the analyses of 
12 
c<particle scattering on C and Ca isotopes, the SPM gives 
fairly better results but deviates from the data at large 
momentum transfers. 
Faldt and Hulthage^*^ have claimed the relevance of 
their model over all other existing models by then such as 
9 12—14 1 RPM ' , folding mode1(optica1 model of Czyz and Maximon ) 
2 and method of Franco and Varma . 
3.6 THE EFFECTIVE PROFILE APPROACH 
To have a symmetrical as well as workable description 
of nucleus-nucleus scattering it is useful to adopt the 
4 
effective profile approach as developed by Ahmad a few years 
ago. The approach is a direct generalization of the effective 
profile approach for N-nucleus scattering discussed in ref.8. 
The basic idea of the effective profile approach is to 
A 
expand the S-matrix operator S in terms of the effective 
profile defined as 
where 
oo - Pf^^V f^NN^-'-i^^j^ drdr' , 3.6.2 
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with P/^ir) and ( r) as the intrinsic one-body densities of A B 
the target and the projectile respectively. These densities 
differ from the model densities used by the Czyz and Maximon 
in that they can be identified with the empirical densities 
as measured in hadron-nucleus scattering. 
The effective profile expansion is obtained by writing 
the S- matrix operator in the form: 
•A -n S(b) = 
i=i j=l 
and expanding the double product as 
AB 
S(b)= S (b) +y S,(b) oo . - F l 1 -
3.6.3 
3.6.4 
s^^(b) = (i-r (b)) oo - oo 
AB 
S, (b)=^ (l-r„(b) ^ 1 11 oo v.. n ^ ^ ^ 1^1 
3.6.5 
'v). . 3.6.6 
The primes on the summation sign indicate that the two 
pairs of indices cannot be equal at the same time (i.e. if 
i^ = i2 then ^ ^ 2 vice versa). 







Eq. 3.6.8 may be simplified as in the case of nuclafon-
nucleus scattering. Evaluation of eq. 3.6.9 still presents 
formidable problem . So far it has been treated only for 1=2, 
in which case it may be expressed as 
A 1 y A B 
A B 
X C(A-l)(B-1)(G-„-G )+(B-l)(G,„-G^^)+(A-l) 2 2 2 o o O O 21 D O 
3.6.10 
w h e r e G . „ , G „ . and G a r e f o u r d i m e n s i o n a l i n t e g r a l s 
zjc ijc zl o o 
w h i c h d e p e n d u p o n the o n e - and t w o - b o d y f o r m f a c t o r s of t h e 
4 c o l l i d i n g n u c l e i . 
For the intrinsic two-body form factors, the evaluation 
of integrals presents a computationally difficult problem if 
realistic nuclear form factors are to be used. Therefore) 
required nucleon form factors are parametrised as a sum of 
Gaussians: 
F(q) =52 Qj exp(-bjq^) , 3.6.11 
where a^ and b^ are parameters. 
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Calculations have? been performed using Eqs. 3.6.5 and 
3.6.10 for the scattering of u projectiles at 1.37 GeV/c on 
^"^Ca and ^^C targets in ref.4 where the above formulation is 
described in greater detail. It is found that consideration 
of eq. 3.6.10 in the calculation improves tha theoretical 
situation greate1y(see, Figs. 3.1 and 3.2). Therefore, it may 
be safely concluded that the effective profile approach not 
only avoides the divergence present in the optical limit 
approach but it also provides a rather converging expansion 
for the Glauber model S- matrix for nucleus-nucleus 
scattering. Relatively better results given by the effective 
profile expansion demand that the approach should be studied 
in greater detail by considering the next few higher order 
terms and by applying it to inelastic scattering as well. 
This approach seems to be promising but it has not been 
thoroughly investigated, as yet. In the next sections, we 
will discuss o<-nucleus scattering as a very special. 
3.7 THE oC-NUCLEUS SCATTERING 
Almost all the approaches for evaluating nucleus-
nucleus S- matrix element discussed so far, have been applied 
to analyze -nucleus scattering at intermediate energies. 
The main point of attraction in the application of 
c< particle as a nuclear projectile for investigating nuclear 
5 3 
structure is its simple spin and i-spin structure. That is 
why a great deal of interest was shown soon after appearence 
12 
of the Scalay nucleus scattering data on C and Ca isotopes 
at 1.37 GeV. A number of theoretical analyses of the data 
were made notably by Saclay group itself^^. Alkhazov et al^, 
9 10 Ahmad and Faldt and Hulthage . They all agree on a point 
that the optical limit approximation of the multiple 
scattering theory as proposed by Czyz and Maximon^ fails 
seriously to account for the data even at low. momentum 
transfers. 
The scattering of the projectile by a target nucleon 
can however be regarded as a measurment of the instanteneous 
positions of the nucleons in the projectile, so that in 
repeated interactions the target nucleons do not encounter a 
ground- state projectile with randomly distributed 
constituents. Indeed, since the internal nuclear motion is 
negligible at high energies, the instanteneous state of the 
projectile changes very little in successive collisions. 
Hence, there exist a correlation between successive 
scatterings that is neglected in the RPM. Therefore, attempts 
have also been made towards a complete microscopic 
interpretation of the data by going beyond the optical limit 
approximation of the multiple scattering model. 
2 The phase expansion method of the Franco and Varma and 
4 the S- matrix expansion formalism of Ahmad in which higher 
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order correlations are included, seem to have been motivated 
•from this consideration. These methods have been applied in a 
variety of situations. The results in addition to providing 
physical insight, strengthen confidence in the applicability 
of the Glauber model. 
In the effective profile approach, the first and 
leading term of the expansion correspond to the so called 
optical limit calculations while the other terms represent 
respectively, the double, triple and higher order multiple 
scatterings between nucleons of the two colliding nuclei 
which involve virtual excitations only. The analyses of the 
ando<?^Ca elastic scatterings at 1.37 GeV, retaining upto 
the two-body density term of the expansion, show that the 
inclusion of the two-body density term fairly improves the 
caleu 1ation. 
3.8 THE SEMIPHENOMENQLOGICAL APPROACH 
Since a realistic calculation of the higher order terms 
of the expansion into the calculation is not only 
mathematically complex but is also beset with some other 
limitations and ambiguities. In view of this, Ahmad and 
Alvi^^ have proposed a semiphenomenological method for 
analyzing the o<,-nuc leus scattering data which avoides the 
complexities of the problem and is very successful at 
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intermediate energies. 
In the semiDhenomenological method^^ of analysis for 
intermediate energy -nuc1eus elastic scattering experiments, 
the RPM S matrix series is written in the following form 
S .(b) = [1- 4 ik , dq q J (qb) f^j](q)F.(q)3^+.... 3.8.1 o ef f A • 
where ^^ form factor of the target nucleus. An 
e f f e c t i v e Not, amplitude, is inyoked such that the e T T 
actual Glauber model S matrix element S,.(b) can be 
approximated as 
= ^ '^o^^^^ ^efi^^^ ''A^^'^^ o) j 
Further, effective No<. amplitude is parametrized as 
ik^cr^d-if^) f ^  , ' (q) = exp(-Pq^/2) {l+"E.(q)} 3.8.3 eTT ^ ^ ^ « J 
where (J^  is the N cA total cross section, is the ratio of 
real to the imaginary parts of the forward scattering 
amplitude, ^ ^ is the slope parameter. The following ansatz for 
£^(q) is found to be successful 
E^ (q) = 3.8.4 
which ensures that reduces to f., (q) at smaller q eff N"* ^ iL 
values; ^^^ is a real parameter. 
Using the ground state density for the target as 
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obtained from intermediate energy proton scattering 
experiments,expression 3.8.2 and f ^  ^ ^ (q) as given by eq. e T T 
3.8.3 with the above proposed ansatz for^(q). the data on Ca 
isotopes can be fitted by varying the parameter^^p (ref.15). 
The maxima and minima that are not accounted for by the RPM 
calculations, are now fairly reproduced (Fig. 3.3). 
12 
Similarly, C elastic scattering data at 1.37 6eV are 
fitted reasonably well( Fig. 3.4). Although the agreement 
with the data in this case is not as good as for the Ca 
isotopes, yet it is very satisfying to find that the height 
of the maxima and positions of the minima are predicted 
nicelv with the same value for ^^  as for Ca. Thus subject to 
certain limitations. the method of analysis seems 
potentially good for studying the ground state densities of 
target nuclei. 
3.9 THE FULL SERIES CALCULATION 
Y. Yin et al^^ have proposed a simple method for 
evaluating complete expansion of the Glauber amplitude which 
can be handled without much difficulty for the multiple 
gaussian-type density functions. Moreover this approach 
suffers from the weakness that except for the simple Gaussian 
model the c.m. correlation is accounted for only 
approximate1y. 





= < H'. A^b'^ ••^f'AB^ - ^ (3-r terms) 
+ + (AB-P term) ( 3.9.1 
which may be written in the following form: 
Y A B 
(-1) < ^ ^^RI n TT . IJ 
where 
9. . = iJ 
rl when r^j appears in the expansion term 
.0 // is absent from the expansion term . 
3.9.3 
The constant 
1 J 7 iJ 
3.9.4 
AB 
is called the rank of summation and ^ runs through all 2 -1 
possible Thus the complete expansion 3.9.1 is 
lengthy. Of course, not all terms are different because all 
these terms in eq. 3.9.1 whose corresponding 9 matrices can 
be transformed into each other by doing some row or column 
permutations, give the same contribution to the Glauber 
theory. These terms can be grouped into orbits, and the rank 
of the term is called the length of the corresponding orbit. 
5 8 
Details of the calculations perticularly the 
integrations of the general terms which appear in a 
recurrence relation is given in ref. 17 
18 They used the double Gaussian density function for 
particle and the usual Gaussian parametrisation of the NN 
4 4 
scattering amplitude while calculating the He- He elastic 
scattering at 1.98 GeV. The parameters in the density 
functions are determined by requiring that the corresponding 
charge distribution yield a good fit to the electromagnetic 18 form factor measured by electron elastic scattering 
The Fig. 3.9 shows the convergence of the expansion 
terms. It is observed that the series converges upto 10 terms 
and other neglected terms are of little importance. 
This completes our discussion on the various methods 
that have been used so far to calculate nucleus-nucleus 
elastic scattering within the frame work of the Glauber 
mode 1 . 
5 9 
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ec^(degree) 
40 
Fig. 3.1 Elastic scattering of 1.37 GeV o^  partic 1 es on Ca. 
Dotted curve, optical limit calculation; solid 
curve, calculation with the two-body density term 
but without short range calculation; chain curve, 
same as the solid curve but including the short 
range correlation • 
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e c M ^ d e g r e e ) 
12 Fig. 3.2 Elastic scattering of 1.37 GeV c^  particles on C. 
The description of the curves is the same as in 
Fig. 3.1 . 
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6-0 8-0 ^0-0 
eQ,^(degree) 
12.0 K - O 
Fig. 3.3 l^a^^i^g scattering of i.37 GeV o< particles on 
' ' Ca. Solid curve shows the parameter free 
calculation using the effective N o< amplitude 
corresponding to the a;, = 107 mb, >^=0^33) 
(3 --31 .02 (GeV/c ) ' - ^ .. - - ^ , and ;>, ^  = 102.3 (GeV/c) 
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12 
Fig. 3.4 Elastic scattering of i.37 GeV o< particles on C. 
Solis curve, the parameter free calculation with 
the effective N o< amp 1 i tude correspond ing t02 the 
parameters o"^  =107 mb, .3, ^3=27 (GeV/c)' and 
(GeV/c) Dashed curve, the RPM 
calculation of Ahmad . 
0 - 2 0.4 0-5 0-8 
- t l G e V / c ) ^ 
Fig. 3.5 Convergence of the eKpansion. The solid curve 
correspond to the full series calculation. Crossed 
,chain, dotted and dashed curves correspond to six 





The discussion of the previous chapters make it amply 
clear that whereas the genera 1ization of Glauber theory^ for 
2 3 N-nucleus scattering to nucleus-nucleus scattering ' is 
straightforward, the evaluation of full multiple scattering 
series, in this case is beset with serious computational 
3 4 
difficulties ' , and that the several approximation schemes 
that have been proposed to evaluate the Glauber multiple 
scattering amplitude are of only limited usefulness as they 
do not shed enough light on the working of the theory and, 
generally speaking, give good results only upto moderate 
momentum transfers. Thus, in order to know whether or not 
the Glauber model for nuc1eus~nuc1eus scattering works well 
it is desirable to undertake full Glauber scattering 
calculation without recourse to any approximation. 
It has already been mentioned that there is one 
situation when the full multiple scattering series for 
nucleus-nucleus scattering can be evaluated analytically 
without recourse to any approximation, though the final 
expressions in general, are rather cumbersome. This happens 
when the NN amplitude is of the Gaussian form and the 
colliding nuclei are described in terms of the independent 
particle model with the Gaussian densities^. Using this 
6 5 
approach, Satta et al^. have evaluated the full Glauber 
multiple scattering -Beries for the elastic scattering of 
4 ^ 2 particles on He, He and H at the incident momentum of 
7.0 GeV/c. They find that the full Glauber model calculation 
gives a good quantitatjve ru:count of the data over the whole 
momentum transfer reigion which extends up to about 2 GeV/c, 
although strong qualitative disagreements with the data, 
specially in the large momentum transfer region , are 
present. They also show that, at large momentum transfers, 
the full Glauber calculation gives a much better account of 
the data than the rigid projectile model. 
Recently Franco and Yin*^ have studied in some detail 
4 the elastic scattering of o< particles on He at 4.32, 5.07 
3 2 
and 7.0 GeV/c incident momenta and on He, H at 7.0 GeV/c. 
Using the Gaussian densities for the colliding nuclei (except 
for ^H), these authors evaluate the complete multiple 
scattering series and show that a phase variation of the NN 
amplitude leads to substantial improvement in the theoretical 
situation. 
It IS generally known that even for light nuclei like 
4 
He the single Gaussian model for the ground state density is 
inadequate, specially in describing the response of the 
nucleus at large momentum transfers (e.g. ref.7). Since in 
the high energy nucleus-nucleus scattering involving large 
momentum transfers, the large momentum components of the 
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nuclear wavefunctions are expected to play an important role, 
it IS of interest to carry out a full Glauber model 
calculation using more realistic ground state densities. Such 
a study will also be helpful in assessing the working of the 
theory as well as the extent to which the phase variation of 
elementary NN amplitude is important. 
In this work we calculate the full Glauber multiple 
scattering amplitude for the elastic scattering of 
4 0< particles on He at 4.32, 5.07 and 7.0 GeV/c incident 
4 
Q^  particle momenta using the double Gaussian density for He 
which IS consistent with electron scattering experiments in 
the momentum transfer region covered so far, using Monte 
Carlo method for evaluating multidimensional integrals. As 
shown later, there are notable differences between the 
predictions of the more realistic double Gaussian and 
generally used single Gaussian densities in some momentum 
transfer regions. The realistic densities are found to give 
better results. 
4.2 TOTAL NUCLEAR PROFILE FUNCTION 
The total profile function for the nucleus-nucleus 
scattering, P^^ ( b ) is given by 
A B 
1 -
dr'^. . .drg dr^. . .dr^ 4.2.1 
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where P^ ^^  is the NN profile function, and (g j is the A ( B ) -
body ground state density of the target(projecti1e) nucleus 
of mass number A(B). To be more explicit, if ^^ ^  ' • • » ' 
.rg) are the ground state wavef unc tions of the target 
and projectile nuclei, then the densities appearing in eq. 
4.2.1 are; 




The above densities are riupposed to be normalized to unity so 
that the corresponding one-body densities which are obtained 
by jntegrating all but one; position coordinates are also 
normalized to unity. The <5 ~ "f t ions in eqs. 4.2.2 and 4.2.3 
appear because of the centre of mass constraint. 
Further in this study we treat neutrons and protons as 
identical and use the usual Gaussian parametrization for the 
NN amplitude : 
l-i-PMK.) 2/„ N NN NN NNq / 2 
471 ^ 4.2.4 
The NN profile function corresponding to eq. 4.2.4 
reads as: 
Hmn^ )^ ^ 4.2.5 4/1(5 NN 
As already mentioned in the previous chapters the main 
86 
problem of the full Glauber model calculation is the 




In this section we describe the calculation of He- He 
elastic scattering for incident c^particle momenta of 4.32, 
5.07 and 7.0 GeV/c and present our results. The nucleon-
nucleon scattering parameters used in this work are given in 
Table 4.1. The parameter set I is taken from the paper of 
Franco and Yin'^. While the parameter set II corresponds to 
ref. 8. 
To calculate Po^ given in eq. 4.2.1 we need the ground dh 
state densities ^ C > • • • » Cjc^  ^  ^ ' • • • ' Cg ^  target 
4 
and the projectile which, in our case, are the same. For He 
which concerns us, we assume that except the c.m. 
correlation, all other correlations are unimportant and use 
the double Gaussian (DG) model introcuded by Bassel and 
WiIkin^: 
He 1 
f 2 2 r 
e - " - D e 
- e.r . ;3) 
4.3.1 
where N is the norma 1 i nation constant and o<, D and 6 are the 
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parameters. 
The one-body density obtained from eq.4.3.1 gives a good 
account of the electron scattering experiments in the 
momentum transfer region covered so far with the following 
2 - 2 - 2 parameter values: << =0.657 fm , 6=2.49 fm and D =0.768. 
These parameter values have been taken from ref. 9. 
For calculating the cross section in the single 
Gau5saan(S6) model we use the expression 
He J = 1 
2 
4.3.2 
with^ ot^  =0.535 fm ^ 
4.4 SAMPLING TECHNIQUE 
Using the powerful sampling technique of Metropolis et al 
the scattering matrix Sg^(b) for the scattering of 





where position coordinates of the nuclei are generated 
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randomly subject to centre of mass constraint with weight 
W = IH'* H'gl 4.4.2 
We generate trial configurations for the both nuclei X = 
and X^ = (r'^ ', . . , , r^O from initial configurations 
X ^ = (Ti'-'-'iTA^ ^B • ' ' a d d i n g to each 
component m of r^ ( i.e. x,y and z coordinates) a random 
shif t 
r'! = r + h(u ,5) , 4.4.3 
1 , m 1 , m 1 
and similarly of r. ' 1 
r": = r' + h(u'.- .5) , 4.4.4 1 , m 1 , m 1 
where h is a chosen step length and u. and u'. are random 
1 1 
numbers between 0 and 1. Before accepting the new 
configurations as successful trials we impose following two 
checks as under: 
f ft / / / 
1) If W >W the move is accepted, X^ and Xg are used as the 
initial configurations for the next move. 
2) If w'/w>u^ the move is a c c e p t e d otherwise it is rejected 
and X- and x' are kept as the initial configurations for the H H > next move. 
We start the calculation with r. = r' = 0 and h= 1, m 1 , m 
1.5 and allow to move the system 100 times before S-matrix 
calculations begin. In order to reduce the correlation, we 
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moved the system 10 times between two consecutive S-matrix 
calculations. 
For each successful trial the real and imaginary 
parts of the expression within the curly bracket in eq. 4.2.1 
are calculated using the expression 4.2.5 for Tj^jyi' The Monte 
Carlo method allows the estimation of the stastical error in 
the evaluation of the integral (4.4.1), provided that the 
conditions for the validity for the centre limit theorem^^ is 
satisfied. 
I error I = cT/n/FT , 4.4.5 
"2 2 O- = <S > - <S>^ 4.4.6 
A 
where S is the S- matrix operator. The error due to 
statistical fluctuation decreases as 1/</n, and this slow 
convergence is one of the princopal drawbacks associated with 
the Monte Carlo method. In all cases, the calculations have 
been carried out for approximately 10^ successful trials. As 
a consequence the error bars for the real and imaginary parts 
of the calculated rg^(b) turn out to be negligibly small. 
Some disagreement in the region of the deep minima may be 
attributed to delicate cancellation of the complex amplitudes 
because of these statistical errors in the real and imaginary 
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Having obtained r^^(b) for He- He elastic scattering, 
the next step, viz. calculation of elastic scattering 
differential cross sections is straightforward. The results 
of our calculation are presented in Figs. 4.1-4.3 along with 
experimental data taken from ref. 12. Fig.4.1 shows the , 
4 4 
results for He- He elastic scattering at the incidento< 
particle momenta of 4.32 and 5.07 6eV/c with the NN 
parameters set 1. The dotted and the solid curves are the 
predictions of the DG and S6 density models respective1y. The 
dashed curve shows the calculation of Franco and Yin*^ with 
the parameter set I and the SG model. The close agreement 
between the solid and the dashed curves shows the accuracy of 
the calculation procedure adopted here. 
Comparing the dotted and the solid curves we note that 
the DG model provides a better description of the data 
specially in the region of the first maximum. However, 
theoretical results are still in rather poor agreement with 
the data even at low momentum transfers. 
Next, in Fig. 4.2, we show the same calculation as in 
Fig.4.1 but with the NN parameters set II. These parameter 
values are very close to the average values for np and pp 
parameters used by Varma^^. The dotted curve shows the 
calculation with the DG model while the full curve with the 
Ik 
SG model as in Fig.4.i. It is seen that with the parameter 
set II, the DG model gives a reasonably good account of the 
data and that the disagreement between the DG and the SG 
model calculations is of a similar nature. However, because 
of the limitations of the Monte Carlo method as follows from 
Fig. 4.1, the improvement in the theoretical situation for 
2 2 q > 0.4 (GeV/c) is not as significant as for the lower 
momentum transfers. 
The qualitative difference in the results for the 
parameters sets I and II implies that the nucleus-nucleus 
scatte^ring calculations are fairly sensitive to the NN 
parameter values specially to the value of . In our 
calculation presented in Fig. 4.2, one sees that with the DG 
model, there is no compelling reason to invoke a variation of 
phase of the NN amplitude to get agreement between theory 
and experiment in the momentum transfer region covered so far 
at the incident momenta of 4.32 and 5.07 GeV/c (However, it 
may be pointed out that some phase variation is indicated 
from the phase shift analyses of NN amplitude). 
Finally Fig. 4.3 shows the results for the incident 
momenta of 7.0 GeV/c. As in Figs.4.1 and 4.2, the full and 
dotted curves are the predictions of the SG and the DG 
2 2 models, respectively. It is seen that for q < 0.8 (GeV/c) 
which is the momentum transfer region covered in experiments 
at the lower incident c< particle momenta we have just 
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discu^.sed, the DG model provides some improvements over the 
SG model though the improvement 'may not be said as 
significant. At higher momentum transfers the situation is 
essentially the same as for the SG model. As a matter of 
2 2 
fact, above q > 2.8(GeV/c) the DG model predictions disagree 
more compared to the SG ones. 
The large discrepancies between theory and experiment 
2 2 
for q >1 (GeV/c) speak of limitations of the present 
anlysis. In the light of the work of the Franco and Yin^ the 
large discrepancies may be removed by introducing q 
dependence in the phase of the NN amplitude. However, the 
required phase variation with the DG model density will be 
different from what has been found by these authors. Further, 
since the disagreement between the DG model calculation and 
experiment occurs mostly in the large q region, it is not 
unlikely that at least a part of it has its origin in the NN 
hard core correlation which has been ignored in the work of 
Franco and Yin^ as well as here. 
4.6 CONCLUSIONS 
We find that the calculated cross sections are fairly 
4 sensitive to the nucleon density model for He. The more 
4 
realistic double Gaussian (DG) model for He density is found 
to give better results than the generally used single 
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Gaussian model at larger momentum transfers covered in the 
experiments with lower itK. ident c< particle momenta of 4.32 
and 5.07 GeV/c. As a matter of fact, with the NN parameter 
set II, the data at 4.32 and 5.07 GeV/c are reproduced 
reasonably well without invoking a variation of the phase of 
the NN amplitude. 
With regard to the region of momentum transfers greater 
than about 1 GeV/c covered in 7.0 6eV/c experiment, though 
the predictions of the two density models differ yet the 
improvement in the theoretical situation with the DG model is 
either nominal or negative. In the light of Franco and Yin's 
analysis*^ it may be said that the situation could be 
improved by invoking a phase variation of the NN amplitude. 
However, since the disagreement lies in the region of large 
momentum transfers, some other theoretical refinements such 
as the inclusion of the hard core correlation in the nuclear 
wavefunction could also be helpful. 
Subject to the v.incertainties in the NN amplitude the 
Glauber model for nucleus-nucleus scattering is fairly 
reliable at least upto moderate momentum transfers. 
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Table 4.1 
NN scattering parameters used in the analysis. 
The parameter set I has been taken from ref.6 and the set II 
from ref.8 
1 p ! lab ; SET I 
t 1 
1 1 SET 
t 
11 ! 
; (GeV/c ) ; 1 1 t 1 
P 
1 
^NN 1 p NN 
1 1 
^NN ; 
(mb) (GeV/c (mb) (GeV/c 











39.5 -0.37 2.75 ! 
1 
; 1.08 ; 32.3 -0.02 
t 
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'^O 0 0 2 0 i 0 5 
-TfGoV/c)^ 
0 e 
Fig.4.1 4 4 Differential cross-section for He- He elastic 
scattering at the incident momenta of 4.32 and 
5.07 GeV/c with the NN parameter set I. The 
solid and the dotted curves are ^btained with 
the SG and the DG models for He density, 
respect1ve1y. The dashed curve shows the calcul-











0 0 0 ; 
•Hs -
5 0 7 GeV/c 
4 32 GeV/c 
0 i 0 5 
-t (GcV/c 
c a i c 
Fig.4.2 Same as in Fig. 4.1, but with the NN parameter 
set II. 
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- t ( G e V / c ) ' 
Fig.4.3 Differential cross- section for He- He elastic 
scattering at the incident momentum of 7.0 
GeV/c using the parameter set I. The description 
= j. 11 y a v. (.lie incioenT: 
of the curves is the same as in 
data are taken from rei. 5, Fig. 4.1. The 
Chapter 5 
^He-'^He ELASTIC SCATTERING AND VARIATIONAL WAVEFUNCTIONS 
8 2 
5.1 INTRODUCTION 
The ground state correlated variational wavefunctions^ ^ 
of generalized Jastrow form for light ions, obtained using 
meson theoretic forces, have been quite successful in 
explaining the binding energies and other ground state 
properties of the nuclei. However, it has not been applied 
to the nuclear scattering so far. These wavefunctions not 
only provide a better understanding of the role of many- body 
forces, but also give a microscopic description of the proton 
distributions in light nuclei with fair degree of success. 
The density distributions corresponding to the tail region of 
the wavefunction are in almost quantitative agreement with 
the electron scattering experiments thereby giving a better 
description of the peripheral structure of light nuclei as 
compared to Gaussian densities. Since in nucleus-nucleus 
elastic scattering, peripheral structure play a dominant role 
even upto moderate momentum transfers, it is expected that 
the variational wavefunctions may lead to a better 
description of nuclear scattering data. 
These wavefunctions for the nuclear syatems are based 
on the non relativistic hamiltonians containing two- and 
three- nucleon potentials such as all mesonic and 
subnucleonic degrees of freedom are absorbed into these 
8 3 
potentials. Thus ohr considers a system of A identical 
particles which obey the non- relativistic Schrodinger 
equation. The hamiltonian of the system is given by^: 
2 
H=i: ^^ V , 5.1.1 
i ^ i<j<A ^^ i<j<k<A 
where v.. and V , represent two- and three- nucleon ij ijk 
interactions based on one and two pion exchanges 
respectively. 
The nucleon- nucleon potentials and the variational 
wavefunctions are discussed in sections 5.2 and 5.3 
respectively, while the Monte Carlo ca1cu1 ationa1 procedure 
is discussed in section 5.4 . The results are given in 
section 5.5. 
5.2 The Nucleon-Nucleon Interaction 
The present candidate for a fundamental theory of 
strong interaction is quantum chromodynamics (QCD) in which 
the g1uons(mass 1 ess vector bosons) are the field quanta 
4 
exchanged between quarks . But no satisfying theory that 
starts with the field theoretic description of quark-quark 
interaction for a model of nucleon-nucleon interraction, has 
yet been developed. It is, therefore, hoped that 
subnucleonic degrees of freedom only become important at very 
8 4 
high energies and shcor t distances, and that the quarks and 
gluon«i are "frozen in the rfftilm of low energy Nuclear Physics. 
On that basis, meson theory can be understood as an effective 
(non fundamental) description of nuc1eon-nuc1 eon interaction 
which may represent the appropriate approximation to the full 
and the fundamental theory in the low energy regime typical 
for Nuclear Physics. 
Phenomenologica11y, the NN potential is generally 
thought of as consisting of strong range repulsion, 
intermediate range attraction and the long range one-pion 
exchange (OPE) parts. The lowest order contribution to NN 
scattering is the one-boson exchange diagram (Fig. 5.1) which 
describes this process in centre of mass frame of the two 
interacting particles, assuming that nucleons and pions 
interact through the Lagrangian density 
( X ) = g H ) t^r X ) X ) 5.2.1 




/ \ i \ 
F .i g . 5.1 
Ffiyi-unan qraph giving rise to one-boson-exchanqe contribution 
to MM scattering . The solid lines denote nucleons; the 
dashed line? a boson with mass m. 
The non-re 1 ativi5tic reduction of this diagram gives 
for the OPE potential^ 
.2 -mr 
m r 
, ) s , ^ +cr, . c n , ] 
47/ 
•-3 ?i-S-2> ' m 
. . 2 
where the pion-nucleon coupling constant f is given by: 
.2 g ,m .2 ,2 ^ •f = 4 ' ^ =0-081 , 5.2.3 
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h 15 the mass of the nucleon, cr^  and are the spin and 
isospin operators for the i-th nucleon, and S^ ^^  represents 
the tensor operator, 
• 
A common parametrization of the NN potentials is given by: 
p=i 
The first four operators define a spin-isospin central 
potential: 
qP-I-j^ _ 1 cr..cr., c-.r. and cT . cT. r --r , 5.2.6 
ij '~i -j' -1 -J - 1 -J -1 -J ' 
the next four describe tensor and spin-orbit potentials: 
q P=5,8 ^ g z .Z , L.S and L.S r -Z 5.2.7 IJ ~1J -IJ -1 w J ' - - » i 1 ij 
where L and S are the relative orbital angular momentum and 
total spin for the pair r . The v_ models contain only 1J a 
these eight terms which presence is uniquely determined by 
the data . They can explain the deuteron and S and P wave 
scattering data however v^^ models are needed to explain all 
(S, P, D and F wavp) scattering data*^. The choice of 
9 14 
operators , is not uniquely indicated by the data. To 
simplify many body calculations it is taken as: 
2 2 2 ^ ^^ L^a-.a- , L c.-tr., L cr .cr, c,.r . (L.S) and 
(L.S)^ z^-v^ . 5.2.8 
8 7 
In perticular the Llrbana^ and the Argonne^ v^^ potentials 
have the structure as qiven in eq. 5.2.6 . The OPE potential 
IS consistent with Uip scattering data for r>2 fm and is 
incorporated in all re^alastic models of NN interaction at 
these distances. Other effective models of the NN interaction 
8 ^ are those developed in P a n s and Bonn . 
5.2.1 The Melfleit-Tjon Models 
The two nucleon interaction used in these models is 
given by spin-isospin independent Me 1fleit-Tjon model V(MTV) 
given by : 
v^j(r) = ^ . 5.2.9 
There are no spin and tensor corrre1ations in it and so the 
wave-function obtained with this is a simple real number and 
not a Hilbert vector in spin-isospin space. 
5.3 THE GROUND STATE VARIATIONAL WAVEFUNCTIONS 
In the variational method one chooses a trial many-body 
wavefunction^ of the generalized Jastrow form^^'^^ 
S 3 $ , 5.3.1 
i<j<A 
where, ^ denote the non-interacting Fermi gas wavefunctions 
8 8 
which are antisymmetric spin-isospin states with no spatial 
dependence 
= A(nJ , nf, pj, pt) 5.3.2 
with A as the antisymmeiri7er operator. The ^^^ is known as 
the pair correlation (operator containing central, tensor and 
spin correlations 
p=cr, tr k^i, J ^ijk ^''^r.j) 5.3.3 
q P o . t r = cr .cr , S t .r , 5 . 3 . 4 ij -1 -J' ij-1 -J ' 
and S IS the tensor operator. Thus is of the form: ij v 
i<J P k7!i,j 
The three-body correlation represents the effect of 
other nucleons on u*^ , and is parametrized as^^: 
r t — t R ^P _ 1 4. , _liJ- ^ 2,p 3,p -ijk s -T , 
^ j k " ^ - ^ R ^ ' 1 j k 
R , = r 4r , +r, . 5.3.7 -ijk -ij -jk -ki 
The wavefunction given in 5.3.1 is trans 1 atlona11y invariant, 
and hence it is independent of the centre of mass. 
The functions f'"(r), •'^(r) and and the 
8 9 
parameters t. in the f?., are determined variationa11v by i,P ijk ^ ^ 
minimizing the variational energy 
IHI V 
E(c^) = ^ 5.3.8 
V V 
with respect to the v.iriatiOfi of the parameter 
The asymptotit bahavjor of correlations is determined 
by cor.sidering the beliavior of for seperating clusters in 
the breakups of He to t+p and d+d clusters. If R is the 
distance between the seperating clusters the wavefunctions at 
large F^  may be written as (on neglecting the Coulomb forces): 
-KR 
R — > 0 0 ) = Y^O 5.3.9 
**" KR 
R — > . cv°0 . . 3 , ,00 , _ ( KK ) 5.3.10 
i ^ ^ K ^ . E ^ - E ^ , 5.3.11 
= • 5.3.12 
4 3 where E >, E. and are the binding energies of He, H and CN t d 
the de?uteron. In eqs. 5.3.9 and 5.3.10 the effect of the 
Coulomb force is neglected. Neglecting the 'f'^,,, iri the 1 J K 
variational function, and keeping terms linear in u'^(r), we 
obtain: 
9 0 
+ R — - > o 6 ) = CI- 3u°"(R) ] Y^^ , 5.3.13 
+ (i-8u°"(R) 5.3.14 
Assuming that u^(r) is small in the region where 
deuteron diameter <r < 10 fm one obtains from eq. 5.3.9, 
5.3.10, 5.3.13 and 5.3.14 : 
-5/ (K/ - 2K/ )r 
f ( r > oO ) = r e , 5.3.15 
-1/ , (K/ - K/ )r 
u^(r >oC) = r " e ^ -1 , 5.3.16 
2/ (BK/ -2K)r 
u(r >oC})oC r ' e ^ + ^ ] . 5.3.17 
(Kr)2 
The correlation functions f'", u*^  and u^^ are related to the 
wavef unctions f^ c ^  ^ two-nucleon T,5 = 1,0 and 0,1 I , b 
channels via: 
./f" . 5.3.20 -C  •I3 0,1 
The . , u^. and u^^ are obtained by solving the two- body ij ij nj 





where superscript t, b, q and bb refer to the terms in the NN 
2 2 interaction S. , L.5, L and (L.S) , respectively. The v's iJ - ~ 
are the bare potentials and /S's represent their modification 
due to the other particles. Further details and various 
variational parameters are available in refs. 2,3 . The 
13 4 
density distribution of He as given by the correlated 
wavefunctions is displayed in Fig. 5.2. 
c 20 L I 
The P (r) m V^^ and V ^ models of the He taken from 
ref. 13. fhe curve 1 abe 1 e^ "* ' Ex pt' shows the P (r) deduced 
from electron scattering data P -
9 2 
5.4 THE VARIATIONAL MONTE CARLO METHOD 
14 15 
This version of Monte Carlo method ' is well suited 
to evaluate various ex pec tation values of operators and is 
generalised to evaluate the full Glauber amplitude using 
variational wavefunctions. One writes the wavefunction as 
given by Eq. 5.3.1 
7 = 2 . 5 . 4 . 1 
^ P=1,M P 
M = [ i A(A"1)1 , 5 . 4 . 2 
such that each Vp corre'sponds to the term in in which the 
^A(A-l) correlation operators^^^ operate on the uncorrelated 
wavefunction ^ in a specific order labeled by the index p. 
The expectation value of the scattering operator S for 
the nucleus-nucleus scattering is given by 
P ^ T ^ ^ j^p^^Ci. • .TA^H^^^'i' • -CB^ • -lA^^q^Ci.. -re) 
dr. . .dr. dr' . .dr^ "A "1 "-B A < s > = 
i-'-re) 
5 . 4 . 3 
/ 
where the spatial c. (.lord i nates {r.;i = l,A) and {r.;j = l,B} ^ 1 "-J 
(written collectively c\<h n and r', for convenience) are 
generated with weight: 
9 3 
W (R;R) = (R)3. 5 . 4 . 4 p q w - p - p - q - q -
A One can write <S> as: 
provided that the N configurations (R^.pL&qL' ^ L , p L & q L 1 , N 
are sampled according to the probability density W ( R ; r') . 
pq -
Further procedure is qiven in sect. 4 . 4 of chapter 4 . 
What is crucial to calculate is the quantity 
S V (R)^ (R) for a fixed configuration. The S^  may p - p - q - q " ' p ' 
1 / be represented as a complex vector , depending on R(or R) in 
the spin-isospin spate of A(or B) nucleons. The total 
number of components [ ^ ' } i = 1, M ] (which correspond to a 
specific spin-isospin state |i> of A(or B) nucleons) of 
A B A H-'p is N= i (or i ) (for spin up and spin down) times ( 
(since the third component of iso-spin must be conserved)). 
A 4 { i s the bionomial coefficient. The He has 96 spin-isospin 
A 
states. Thus the operator S is represented by a square matrix 
of order N, so that 
N s y (R)M^ (&)= ^ ^ ^ ^ NR') S. ^^ {R NR') p - p - q - q - f—r_ p - p - i j q - q -1 « J ~ 1 
5 . 4 . 6 
1 he details of »he spin-isospin algebra required for 
A 
the evaluation of S^^ i given in Ref. 1 . 
9A 
5.5 RESULTS AND DISCUSSION 
Using the method for evaluating <S> as described in the 
previous section and the NN parameter set I of table 4.1 we 
4 4 
calculate the differential cross section for He- He elastic 
scattering at 4.32 GeV/c incident momentum. The results for 
the correlated variational wavefunctions are shown in Fig. 
5.3. The two- nucleon potentials thereby used are the MTV and 
Urbana The dashed rurve corresponds to the results with 
MTV. 1 he solid is obtained with eq. 5.3.3 for the correlation 
operator The dotted curve is obtained after avoiding the 
three-body term f ^ by putting t =0 in eq. 5.3.3 such that 1 J K i I' reduces to: iJ 
^ij" ^^ij^ "^ "^ ij ^ • 5.5.1 
As for as the predictions of MTV are concerned, though it is 
encouraging at low and moderate momentum transfers is almost 
qualitative at large momentum transfers. The positions of 
first maximum and second minimum are shifted towards high q 
values. Since spin-isospoin independent potential modifies 
the wavefunction it is expected that the realistic v^^^ 
potentials would have given better results. Using Urbana v^^ 
potential we observe significant improvements with the 
variational wavef unc t i on'> that give promising results (solid 
and clotted curves). r hf |)r ic t ions are comparati ve 1 y better 
9 5 
than SG and DG model calculations specially at moderate and 
large momentum transfers, though some discrepancy lies in the 
region of first maximum which is shifted somewhat. 
In the light of our previous study^^ as given in 
chapter 4 it may be said that the TNI part of the hamiltonian 
may play an important role in improving the theoretical 
situation in this region because it reduces the density 
distribution in the core region of the nucleus, like the DG 
model which provides a better description of the data 
specially in the region of first maximum. However, we have 
neglected the TNI part in our study its inclusion deserves 
for further rigorous calculations. 
As it is obvious that the contribution of f . t o the ijk 
density distribution which reduces the spin-isospin 
correlation between two particles when they come closer is 
small, and so is its contribution to the differential cross 
sec tion. 
The success of the variational wavefunctions in the 
present study strengthen confidence in its applicability to 
light ion scatterings at intermediate energies although more 
realistic treatment of the wavefunction would have been 
resulted for much better theoretical predictions specially at 
low momentum transfers. Particularly challenging is the large 
momentum transfer region in which the inadequacy of Glauber 
95 
model should clearly be revealed. The spin orbit part of the 
NN amplitude may play a role at the first maKimum. These 
considerations will be carried out in further research. 
Thus, it is unavoidable to conclude that tht> promising 
predictions in Fig 5.3 with variational wavefunctions are 
consistent with the fact that elastic scattering is sensitive 
to the tail region which, like the variational wavefunction 
used, seem to be exponential in character. 
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Fig. 5.3 He- He elastic scattering with correlated 
variational wavefunctions at 4.32 GeV/c . The 
solid curve correspond to Melfleit-Tjon force V. 
The dashed and the dotted curves correspond to 
potential with and without ^ii 
given by eq. 5.3.3. The chain curve correspona to 
the double Gaussian density as given in chapter 4 
Chaote;r 6 
CORRECTIONS TO THE RIGID PROJECTILE MODEL 
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6.1 INTRODUCTION 
The results of the full Glauber moder calculations as 
presented in previous chapters amply demonstrate 
applicability of Glauber multiple scattering model^ to 
intermediate energy nuc 1 fii"^ .-nuc 1 eus scattering. However, the 
method used for performing the full Glauber calculation is of 
only limited utility as it is not only highly time consuming 
but also becomes impractical for larger values of the mass 
numbers of the two colliding nuclei because of the rapid 
increase of the dimensionality of the multidimensional 
integrals involved. Therefore, it is desirable to have some 
convenient approximation scheme to be relied upon over a 
given momentum transfer region. 
Df the various approximation methods for evaluating the 
Glaubr-r amplitude for lujc 1 eut.-nuc 1 eus scattering as described 
in ch-ipter 3 two methods seem to be promising so as to form 
basis of the further &lu(iv. One is the rigid projectile 
model' ^(RPM) and the other is the effective profile 
10 
expansion method as proposed by Ahmad . In this chapter we 
undertake a study of the RPM in order to see if some 
corrections to it could make the theoretical situation 
better. The effective profile expansion approach will be 
studied in the next chapter. 
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The salient -featLires of the RPh has been already 
described in sect. .5. of chapter 3 and will not be given 
here. In what follows we di.5cuss an expansion of the Glauber 
model S-matrix such that the leading term gives the RPM and 
the next term provides a correction to it involving two step 
processes with the RPM as the base. Such an expansion was 
B first given by Alvi in an attempt to understand the 
9 
success of his semiphenological method of analysis of some 
oC-nucleus scattering data. But he did not make detailed 
quantitative study of the leading correction term. 
6.2 EXPANSION OF THti GLAUBER AMPLITUDE 
In order to ol)t.flin rin expression of the S- matrix such 
that the leading 1erm qjves the RPM we start with the 




where "''-A^ ground state 
wavefunctions of the projectile and the target respectively. 
To proceed further we write expression 6.2.3 for the S-matrix 
operator as 
A 
S ( b ) = n z . 6.2.3 
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where 
Z .= 1 .1 1 
[ 1 - n,,,(b-5 .+s'.) NN -J 6.2.4 
Recalling the Glaubf^r theory for N-nucleus scattering, we 
note that the operat.or ^ is the S-matrix for N- B 
scattering correspond i.ny to the impact parameter (b-s^). 
Hence 
is the S-matrix element for the transition of the projectile 
nucleus from the ground state ^^ to the excited state 
corresponding to the impact parameter (b-s^). Since the N- B 
scattering amplitude for the transition from the ground state 
to some excited state $ is given by ^ o - m 
mo ~ 2T\ mo m 6 . 2 . 6 
we may write 
( $ I . 1 6 ) = S - (•,, mo 'j'h I. k M 
-iq.(b-s ) 
e f^^ (q) d q . mo - 6.2.7 
Next, we introduce 
Z . = ((J) I / . I $ ) 1 ^o 1 ^o 6 . 2 . 8 
which in view of the relation 6.2.7 may be written as 
1 r ^ fPi 9 6.2.9 
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Now writing 
Z = Z + AZ 1 1 1 7.2,10 
the operator S as givpn by thp eq. 6.2.2 may be expanded as 
S( b ) 
A A 
^ ^ n 1 = 1 1 = 1 k/^ l 
Z, ] AZ AZ + k 1 J i<J 
6 . 2 . 1 1 
Neg 1 e"( ting terms invfilvinq triple and higher order multiple 
scatterings with tarqei nuc leons, taking the ground state 
expectation value with respect to the projectile ground 
state and using eq. 6.2.7 we have 
( $ I b ( b ) 1 $ ) 
A 
[1 - ( 
1 = 1 2 M k 
A 
N J 
-iq. b-s , , , 
e f__ q d q ] oo 
i<J k?^i,j 
Z. ) lAZ AZ |3) ) . 6.2.12 k ^o 1 J 
Further, using eq. 6.2.10, closure property of the projectile 
states and eq. 6.2.7, the last factor in the second term of 
eq. 6.2.12 may be written in terms of the amplitudes due to 
single step excitation and consequent de-excitation of the 
c< par t ic 1 e as : 




Substituting eq. 6.2.13 in eq. 6.2.12 and taking the ground 
1 0 4 
state expectation value of the latter with respect to the 
target ground state we obtain the following expression 





Q - . J- A(A-l) ,2 d q^ d q^ e 
r —• * (B) . . , I, u; , > T 
t-r- om -1 mo -2 
( U ) 
x ( V 
A i(q .r +g .r ) 
Cl-ro(b-5.)] e ~ 1 ^ 6.2.16 
i = 3 B - -i o 
where, TgCb) is the profile function for N- B scattering: 
ToCb) = ( — r B V. 2/Tik N 
,2 , 
^ ^ ^ "^ oo • 6.2.17 
The first term .i.f-i eq. 6.2.14 gives the RPM while the 
second term given by fC] , 6.2.16 provides correction to the 
RPM. The latter invoLvi?-, >^11 such scattering in which the 
projei tile makes tr.m'vsii hhi from the ground state to some 
exciti d state after scat'e'-ing on one nucleon and returns 
back to the ground state after scattering with another 
nuc1 eon. 
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The •form of S as given by eq. 6.2.15 is the same as Hr 
of the elastic S- matrix from N-nucleus scattering. The only 
difference between the two is that in the expression for S 
we have Pg instead of P^ f^  • Therefore, 
RP 
Spp can be expanded 
in a correlation sejries in the same manner as the elastic S-
matrix for the scattering of a nucleon on a target nucleus 
of ma'ss number A discu-^sed in ref . 10. Considering upto the 
pair correlation term in ttie expansion which has been found 
adequ.Hte for N-nucleus scattering we may write eq . 6.2.15 as 
2 7 d q^ ^ d q^ e ^o^^Sl^ 
where 
6 . 2 . 1 8 
6.2.19 
and CCq^jq^) is the Fourier transform of the pair 
correlation function 14 
C( 6.2.20 
In alcove equations ^ 1' ' ' i" , '''o ) ^nd ( r ) are the two-body 
H " L ^ H ^ 
and o'le-body densities of t hw target nucleus respectively. 
It may be pointed onf that generally the correlation 
term in eq. 6.2.18 is neglected. 
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Coming to the second term of eq. 6.2.14 viz., S^ as 
given by eq. 6.2.16 we expand the product over i in a 
10 
correlation series similar the one that gives the eq. 
6.2.1(3 and neglect the correlation term to obtain 
S^ ' CI - TgCbJ] d q^ d q^ e 
N 
^ i '2.) where? (q is the two-dimensional Fourier transform 
H X ^ ^ 
of the two-body density of the target nucleus. Here, it may 
be mentioned that a1,u(Jies in N-nucIeus scattering show that 
the contribution of the correlation is small as compared to 
the first term in the correlation expansion hence our 
procedure of neglecting the correlation in the product to 
arrive at eq. 6.2.21 is justified. 
Now, combining eqs. 6.2.18 and 6.2.21 we get the 
following expression for Sg^(b): 
6.2.22 
where* 
2 • ' •-
r ( b )  = ^d^q^ d'-'o.^. 
X C f ' I ' N q , ) 
mf o 
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In the above expression for S„.(b) the first term gives the Bh 
correlation in the target nucleus, and the second term which 
depends upon T(b) provides correction to it. The first term 
within the square bracket in the expression for T(b) 
describes the effect of the pair correlation in the target, 
while the second term describes the effect of the excitation 
of the projectile nucleus between two successive scatterings. 
6.3. EFFECTIVE N-oC AMPLITUDE 
Now we show that the expression 6.2.22 for S^^(b) 
implies existence of an i?ff»ctive N-o^ ampl itude and derive an 
expression for it. To do it we first write eq. 6.2.23 in the 
form: 
-iq . b 
T(b) = d q e 
myo 
Next, we assume A to be sufficiently large so that (A-i) and 
(A-2) in eq. 6.2.22 may be replaced by A. Now, assuming the 
second term in eq. 6.2.22 to be small, we may write it as_ 
S^A^fe) ~ ' U^'-i' ^ ^c^^ ' 6.3.2 
where 
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Now, rewriting eq. 6.2.19 in the form 
6.3.4 
and substituting eq . 6 . . 1 in eq . 6.3.3, eq . 6.3.2 may be 
expre'-ised as [ (q ) ''> target form factor] 
A 
where 
[1 - (-2Aik N 
• ^  I A 
6.3.5 
with 
^eff^^J - ^oo - G(q) 6.3.6 
G(q) = d^q C C(q ,q-q ) f^^Nq-q.) 1 -1 S. -I OO wl OO W >-l 
A >-1 w -1 , om >-1 mo w »1 m^o 
6.3.7 
We, thus find that in so far as the target two-body 
corre 1 ation and the excitrition of the ^ particle between two 
successive scatterinqs on target nucleons are the only 
import ant contributors to the correction, the o<.-nucleus 
scatte-ring may be described in terms of an effective N-o< 
amplitude using eqs. .»nd 6.3.6. 
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6.4. ELASTIC SCATTERING IN TERMS OF THE EFFECTIVE AMPLITUDE 
Recalling the o<-nucleus scattering matrix element in 
9 
the semiohenomenological method (described in chapter 3) 
which IS approximated as: 
dq q JQ(qb) "fe^f^^) 6.4.1 
where F^(q) is the form factor of the target nucleus and the 
basic ingredient, "''eff' "^sed in the calculation is 
parametrised in the Gaussian form (eq. 3.8.3). Remaining in 
the framework of rigid projectile model the effective No< 
scattering amplitude which can be determined by the proton-
alpha scattering experiments at the energy of £»/4 where J- is 
the kinetic energy of the incoming ^^  particle. A notable 
feature of the semiphenomenology is that the ansatz (q) 
which envolves only one free parameter remains unchanged 
for a wide range of energy. 
It is obvious from eq. 6.4.1 that calculation of the 
elastic u -nucleus scattering amplitude in terms of the '^ '^ff 
involves the product F (q)f^^^(q) which when substituted in A e f f 
eq. 6.4.1 gives the elastic o<-nucleus scattering matrix. 
Using eq. 6.3.6 the product reads as: 
G(q ) 6.4.4 
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where the quantity f^^Nq) is the RPM amplitude and G(q) is 
the correction term (c.f. Eq. 6.3.7) which we calculate as 
discussed below. 
6.5. CALCULATION 
The crucial quantities in eq. 6.3.7 is the two-
dimensional Fourier transform of the pair correlation 
C(q,,q„) and inelastic amplitude f^'^^(q). The calculation of ~ 1 - z in 
the elastic N-o< amplitude f^^Nq) is rather trivial specially 
in the gaussian model for the particle in which case the 
following closed expression is obtained^^: 
00 2^ J J 
^ [ ^ 3-- ^ ] . 6.5.1 
4<X j 
2 where is the size of the particle. 
For C(q ,q„) we assume that only the c.m. correlation w 1 ^ A 
IS important. This is not a good approximation for the medium 
weight nuclei in which Pauli correlation may be equally 
important. But for the kind of study we have in mind the 
consideration of the c.m. correlation would sufficient. 
In the calculation of C(q,,q_) we use the expression of wl w^ 
11 
12 Ahmad and Auger 
CCpj^.q^) = Ce" ^ -1] • 6.5.2 
As regards f ^ ^ (q), it is obtained assuming the 
in u 
dominant monopole excitation of the particle during the 
• 13 
collision. More specifically following Werntz and Uberall 
it IS assumed that the density operator /*( r) is scaled as: 
P { r ) =>(£,) fCr(i-5,) ], 6.5.3 
where 
= C ^ ( a + a ) . 6.5.4 
-» 
Here a and a are the creation and annihilation operators 
and the dimension less constant C^ which depends on the mass, 
one-phonon excitation frequency and RMS radius of the 
nucleus, is a measure of the one-phonon excitation. 
This model gives the following expression for the 
inelastic form factor 
where F^ (q ) is the form factor of the particle (assumed to 
be Gaussian in our case), is the transition strength and R 
IS the RMS radius. 
Assuming the oscillator model for the particle and 
using the above expression for following 
expression for easily be obtained (Append i x-A) : 
112 
= - I "" (-l)^A-^ 7TB 
^ j=0 ' (j+1)^ 





In deriving the above expression, the pair correlation 
correction to the inelastic scattering has been neglected. 
The results of the calculation for £?<,-^ "^ Ca and 
elastic scattering at 1.37 GeV/c are shown in Figs. 6.1- 6.4. 
The inputs of the calculation are as under: 
40 12 
(i) The Ca and C form factors are taken from ref. 10. 
(ii) The ^ amplitudes are calculated using the NN 
parameters: cr^ ^ = 30.5 mb, 0.35 and 4.25 (GeV/c)'^. 
These values correspond to the Giffon-Igo parametrization as 
Given by Layly and Schaeffer^ . 
(III) The inelastic transition strength parameter is 
taken to be 0."' which is consistant with the inelastic 13 electron scattering consideration and 
(iv) The phenomenological f^^j is calculated with the help 
13 
g 
of expressions 6.4.1 and 6.4.2 using the No< parameters : 
107 mb, 27 (GeV/c)~^ and 70.5 (BeV/c)"'^ . 
It may be pointed out here that the parametrized form 
factors have been used only for calculating second order term 
of eq. 6.3.7. The scattering matrix S^^ is calculated using 
the form factors as obtained from the charge densities as 
such. 
6.6. RESULTS AND DISCUSSION 
Since the elastic -nucleus scattering is determined by 
the quantity simplicity show in Figs.6.1 
-6.2 the results of calculation for quantity If^^^q)F.(q)1 
corresponding to f ^ ^ N q ) as obtained by Bassel and Wilkin^^ UU w 
and f ^ ( q ) as given by eq. 6.3.6 and the phenomenological et T w 
•f^^i(q) as represented by the dashed, dotted and the solid ef T w 
curves. 
foC) fo<) Comparing the results of f (q) and f ,(q), we see oo w e T T w 
that at low momentum transfers the correction term is almost 
ineffective. As q increases its contribution also increases 
and that but little. 
Figs 6,3 and 6.4 display the angular distributions of 
'^ '^ Ca and ^^C elastic scatterings at 1.37 GeV. The data are 
taken from ref. 14. The solid curves are obtained when the 
Gaussian model Ne>< amplitude is employed. The dashed curves 
take care of the correction term that demonstrate some 
improvements at large q values and that but little. The 
12 
situation in the case of C elastic scattering is better 
somewhat.lt may be pointed out here that the maximum momentum 
transfers covered in these experiments correspond to 40 
0.42 6eV/c in the case of Ca and 0.9 GeV/c in the case of 
12 
C. It is obvious from the Figs. 6.1 and 6.2 that up to 
these values correction term is too small to cause any 
significant modification. 
Our main aim has been to explore to what extent 
considerations of intermediate excitations of the projectile 
and the target along with the c.m. pair correlation in the 
tatget contribute to the elastic oC-nucleus scattering. In the 
particular cases of d^-^^Ca and c/^-^^C elastic scatterings, 
the results of our calculation despite some weaknesses 
clearly demonstrate that the intermediate excitation of the o( 
particle and the c.m. pair correlation of the target nucleus 
contribute little to the e 1 astic Q(^ -nuc 1 eus scattering. More 
realistic treatment of the above problem is unlikely to 
improve the situation much. Thus the main cause of the 
discrepancy between theory and experiment may be due to 
neglecting some other effects in the theoretical 
consideration. 
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Two such effects ctfTie to mind at very first 
consideration. One is the F'auli correlation in the target 
nucleus which is fairly important for medium and heavy weight 
nuclei. The other is the spin flip part of the N-o< amplitude. 
The later, thouqh does not contribute in the first term of 
the expansion 6.2.11 would contribute in the pair correlation 
t-ercix beca.ixs.e af dauKtale fLii?^ ^ Haw.ever ^  effect-s. 
or of sort do not seem to (:ontribute much because of the 
strong cancellations among th^ciselves . To add to this» the 
second term of the correction term of eq. 6.3.6 is highly 
insensitive to the strength parameter "it' which occur in the 
inelastic N-c<v amplitude. 
In this regard, it is worthwhile mentioning the 
work of Franco and Varma^^ where a simple phase variation is 
invoked in the study of light ion scatterings thereby getting 
a remarkable improvement treating /Sj^j^  as a complex quantity 
as recommended by the phase shift analyses. This 
consideration in the present calculation is expected to 
improve our results even a^ smaller momentum transfers. 
However, it has not been investigated here. 
16 
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Fig, 6.1 If (g^ ) F^(q)| with respect to momentum transfer. 
The solid curve correspond to phenomeno1ogica1 
effective amplitude. The dotted and the dashed 
curves represent the effective N-o< amplitude 
corresponding to eq. 6.3.6 with and without correc-
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a - e l o s l i c s c a t t e r i n g 
1 . 3 7 GeV 
40 
Fig. 6.3 Angular distribution of o( - Ca elastic scattering 
at 1.37 GeV. The dashed and the dotted curves 
correspond to the calculations of the effective N-o< 
amplitude with and without the correction term. The 
data are taken from Ref. 14. 
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a - C e l o s t i c s c a t t e r i n g 
1.37 GeV 
12 
Fiq. 6.4 Angular distribution of the - C elastic 
scattering at 1.37 GeV. The description of thr; 
curves is the same as in Fig. 6.3. The data am 
from ref. 14 . 
Chapter 7 
EXPANSION OF THE GLAUBER S-MATRIX IN TERMS OF THE 
BELL'S POLYNOMIAL 
121 
7.1 I N T R O D U C T I O N 
It has been discussed that evaluation of the full 
Glauber amplitude for nucleus-nucleus scattering is quite 
difficult even for the simplest of the colliding nuclei and 
that its expansion in terms of the NN profile function 
converges very slowly. This naturally, has been one of the 
reasons for the appearence of some other expansions of the 
1 - 4 
Glauber amplitude in the literature each as an attempt to 
have a rapidly convergent series so that the entire series 
could be approximated by the first few dominant terms. Of all 
such expansions discussed in chapter 3, the effective profile 
expansion as proposed by Ahmad^ seems attractive because of 
the finite number of terms involved in it. Ahmad has applied 40 
this expansion t.u study o<- Ca elastic scattering at 1.37 
GeV with encouraging results. However, because of the 
computational difficulties he could not go beyond the first 
two terms of the expansion. Therefore, not much can be read 
about the convergence of the effective profile expansion 
series from his study. 
In this chapter, we study the convergence of the 
effective profile expansion series by considering the example 
4 4 
of HP- He elastic scattering at 4.32 BeV/c. For this we 
first develop an expansion of the Glauber S-matrix in terms 
122 
of the Bell s polynomials. This expansion technique gives the 
various expansion terms in a differently arranged form than 
the usual one and hence may be useful for furthe studies. 
7.2 B E L L ' S P O L Y N O M I A L E X P A N S I O N OF T H E S - MATRIX 
a To develop an expansion of S(b) in terms of Bell's 
po lynomial and the e f f e c t i v e profileV. defining as ij 
^^^ ' ^ - roo<6i • 
we write ea. 3.6.3 in the form 
S(b) = [1 - G(t) 7.2.2 
where 
A B 
(t) = 1 7 [7 CI - U j t: 
i = l J = i 
7.2.3 
A, Now we expand G(t) in ascending powers of t as 
9 3 N (\l G(t) = 1 - G^t + G^t - G3t + (-1) G^ t 
N 
= Y H (-1)'' G t'' , 7.2.4 
r=0 
with N = AB. 
Obvious 1y 
A A O 
S(b) = Ci-rQ^(b)]"" G(l) 7.2.5 
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w i t h 
/s 
G(i) = YH (-l)*^ G . 7.2.6 
r=0 
From eq. 7.2.3 it is straiqhtforward to see that 




we qet the following recurrence relation for G : n 
r=0 
G = 1 for n=0 7.2.9b n 
where 
A 
S^ = H ( , . 7.2.10 
1 = 1 j = l 
A 
Using eq. 7.2.9 the series for G(l) may be written as: 
G(l) = 1 - G^S^ + (G^S^-GqS2)/2 - (G^S^-G^S^+GQS^)/3 +... 
• 7.2.11 
The above expansion may be expanded in terms of Bell,s 
polynomial by noting that 
24 
" ' 7.2.12 
= = ' 7.2.13 
(G^S^-G^S^+G^S^j/S = ( 1/31 1/2)Sj^S2+(1/3)S^ 
= Y^C-S^ ,-S2,-2'.S3)/3! , 7.2.14 
(G„, .S -
7.2.15 
where are the Bell's polynomials. 
Using expressions 7.2.12 to 7.2.15 eq. 7.2.5 for S 
operator may be written as: 
~ . . . ,-(n-l) 
n=0 n ! 
^s(b) = - — — — > 
or 
n=0 
S ^ ^ N b ) . /.2.16 
Substitutinq eq. 7.2.16 in eq. 2.6.5 , one may write the 
entire S- matrix series as 
n=0 n=0 
7.2.17 
Obviously, the first few terms of the expansion are: 
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= Cl-r (b)]*?® 7.2.18a BA — oo 
< 1 ) AB ^BA = tl-rQ^(b)] < H^^Tgt Y^(-S^) I 7.2.18b 
("2) AR ^ 1 ' ^ 
Sba = ^ ^ ^''^a'^B^' 7-2.18C 
6.2.ISd 
where S^^^ corresponds to the optical limit result of Czyz Drn 
and naximon 
7.3 C A L C U L A T I O N A N D R E S U L T S 
4 Assuming independent particle model for He, taking the 
centre of mass constraints into account and neglecting all 
4 4 
other effects we calculate He- He elastic scattering cross 
section at the incident momentum of 4.32 6eV/c truncating the 
expansion (7.2.15) at the first, second, fourth and sixth 
terms. Since our main aim is to study the convergence 
property of the effective profile expansion we use the single 
Gaussian model for convenience^. The values of the NN 
scattering parameters used in the calculation are those used 
by Franco and Yin^: 32. 3 mb, and 1-86 
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(GeV/c) The results of the calculation are presented in 
Fig. 7.1. The crossed and the solid curves represent the two 
extremum calculations corresponding to the first term and the 
full series, respectively. It may be seen that the 
predictions of the first term greatly disagree with the solid 
curve even for small q values. Further the position of the 
minima and maxima are shifted towards forward scattering 
region.-
When the expansion is truncated at the second term we 
note a significant improvement in the theoretical situation. 
The second term ca1cu1ation(chain curve) reproduce the 
positions of the maxima and minima very well and it also 
agrees with the full series calculation(continuous curve) in 
the low g^  region. The results of calculations when the series 
is truncated on the fourth and the sixth term are shown by 
the dashed and the dotted curves respectively. It is seen 
that the dotted ^.urve almost coincides with the full curve 
for q<.4 GeV/c. This implies that, in the said q region, the 
series converges at the sixth term. 
7.M DISCUSSION 
It is interesting to compare the convergence properties 
A 
of the effective profile function expansion for S with that 
of its series expansion in terms of the usual profile 
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•function r . In the light of the study of Yin et al , it may 
be said that the expansion in terms of P deviates from the 
full series calculation even after after considering the 
first 8 terms of the series for q<.4 GeV/c. More over, their 
expansion gives diverging results up to four terms which do 
not match the full calculation even qualitatively. It is only 
after the fifth term that the truncated expansion starts 
converging. Thus the effective profile expansion is much more 
converging than the usual one. Another remarkable feature of 
the effective profile expansion is that (unlike the expansion 
4 
of Yin ea al ) addition of successive terms reproduces 
gradually the full series character ^or greater and greater 
momentum transfers. 
It may be added that although the effective profile 
approach provides a more rapidly convergent expansion for the 
Glauber S- matrix still the convergence is not rapid enough 
as to make the expansion of much practical utility specially 
when the data covers a wider momentum transfer region. This 
is mainly because the calculation beyond second term is 
tedious and time consuming. Still the present study amply 
demonstrates that the first four terms of the expansion are 
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Fig 7.1 Differential cross section for C3< He elastic scattering 
at 4.32 GeV/c incident momentum. The crossed and the 
solid curves represent the first term and the full 
series caleu 1ations,respective1y. The chain,the dashed 
and the dotted curves are obtained with the evaluation 
of the series upto the second, the fourth and the 
sixth terms respectively. The data are taken from 
ref. 8. 
Chapter 8 
S U M M A R Y , A N D O U T L O O K 
130 
The work reoorted in this thesis is mainly concerned 
with a theoretical study of nucleus-nucleus elastic 
scattering at medium and high energies within the framework 
of Glauber multiple scattering model. The study has two main 
4 4 objectives. First, to analyze some He- He elastic 
4 
scattering experiments using realistic descriptions for He 
by evaluating the full Glauber amplitude without recourse to 
any approximation with a view to examine workipg of Glauber 
model for nucleus-nucleus scattering which has not been 
subjected to as much ri gorous study as for N-inucleus 
scattering. Second, to examine in detail two approximation 
schemes namely the rigid projectile model and the effective 
profile expansion method for evaluating Glauber amplitude for 
nucleus-nucleus scattering to estimate some corrections in 
the first case and study convergence of the effective profile 
expansion over a given momentum transfer region in the second 
case. The importance of undertaking these studies lies in the 
fact that evaluation of full Glauber amplitude with realistic 
densities is, in general, prohibitively tedious and hence 
there is a need for some thoroughly studied approximation 
method for nucleus-nucleus scattering calculation. 
The thesis begins with the introduction of the subject 
of present study and the definition of the main objectives. A 
brief description of Glauber multiple scattering theory and 
131 
its generalization to nucleus-nucleus scattering is given 
next. This is followed by a brief review of various 
approximation methods for nucleus-nucleus scattering and a 
brief discussion on their merits and demerits. This provides 
the necessary background for the theoretical study reported 
here. 
Monte Carlo technique for evaluating multidimensional 
integrals is adopted and developed for evaluating the full 
Glauber, amplitude for nucleus-nucleus scattering without 
recourse to any approximation. Using this technique elastic 
scattering differential cross sections have been calculated 
4 4 
for He- He scattering at the incident << particle momenta of 
4.32, 5.07 and 7.0 GeV/c. The calculation have been performed 
with the generally used single Gaussian density and with the 4 
realistic double Gaussian density for He. Two acceptable 
sets of NN amplitude parameters available in the literatul^e 
have been used. The results show that calculated cross 
sections are fairly sensitive to the form of the densities of 
the colliding nuclei. In particular a fairly good description 
of the data is obtained at the incident momenta, of 4.32 
GeV/c and 5.07 GeV/c over the momentum transfer region 
covered in experiments with the double Gaussian density 4 
for He. The theoretical prediction at the incident momentum 
of 7.0 GeV/c which extends upto q t:; 4 GeV/c is improved with 
the double Gaussian model only upto q 1 GeV/c. At larger 
momentum transfers there are noticeable discrepancies Which 
may be removed by introducing a phase variation in the NN 
scattering amplitude. 
The Monte Carlo technique is also applied to calculate 
4 4 
He- He elastic scattering at the incident tX. particle 
momentum of 4.32 GeV/c with the correlated variational 
wavefunction of generalized Jastrow form. The wavefunction 
gives a good account of electron scattering experiments and > has not been used to study nuclear scattering problem 
earlier. It is found that the variational wavefunction gives 
•1 
a fairly good account of the data upto moderate momentum 
transfers. The some discrepancies at large momentum transfers 
may be attributed to the defficiencies of the wavefunction in 
the interior region. 
Over full Glauber model calculations amply demonstrate 
validity of the Glauber model for nucleus-nucleus scattering 
at intermediate energies. 
The remaining part of the thesis is devoted to some 
studies of approximation schemes for evaluating the Glauber 
amplitude for nucleus-nucleus scattering calculations. The 
importance of examining some potentially good approximation 
methods lies in the fact that full Glauber series calculation 
is not only highly time consuming but also impractical for 
larger values of mass numbers of the two colliding nuclei. Of 
the various approximate methods employed in the literature, 
two seem to be promising enough to form the basis of the 
present study. They are: the rigid projectile model and the 
effective profile expansion of the S- matrix. In an attempt 
to have an improvement over the rigid projectile model(RPM) , 
S-matrix is expanded such that the leading term gives the RPH 
result and the next term gives corrections to the RPM arising 
from the c.m. pair correlation in the target and excitations 
of the projectile in intermediate collisionsj. Calculation 
show that the corrections coming from the afore mentioned 
4 40 4 12 considerations are small in He- Ca and He- C elastic 1 
scatterings at 1.37 GeV. An expression for the monopole 
inelastic Nc< amplitude is also derived in this work. 
Lastly, a finite series expansion of the S- matrix in 
terms of Bell s polynomials is proposed and it is adopted to 
study the convergence of the effective profile expansion. We 
find that the first four terms of the expansion are almost 
sufficient to retain the full series character upto momentum 
transfers equal to .4 GeV/c. This may be contrasted with the 
usual expansions in terms of the free NN profile functions 
in which case the first ten terms are needed to <tthi'«j/ft the 
same result. 
To conclude this part corrections to the RPM arising 
from intermediate excitations of the projectile during the 
passage in the target nucleus as well as from the target 
155 
two- body correlation are generally small and their inclusion 
does not provide any significant improvement over the RPM 
result. The expansion of the S- matrix in terms of Bell's 
polynomials involving the effective profile function seems to 
provide a relatively good approximation scheme for evaluating 
nucleus-nucleus scattering amplitude over the momentum 
transfer region generally covered in present experiments. 
Appendix - A 






we may expand the S-matrix operator for scattering in 
terms of / as under: J 
S(b) = 
J = 1 J J = 1 
(i-rQ(b)) + ... 
(A.4) 
Neglecting higher order terms, eq• (A.3) gives: 
sr -4 (l-r^(b))^ . (A.4) 
The calculation of (b) can be made easier by < -iting 






where ^^ oi^ P^) is the form factor of the o^. particle that has 
been taken to be of the Gaussian form: 
^ , , -Xq /4 F^(q) = e (A.6) 
Using the usual Gaussian parametrization of the f^ ^^ ^ (q) 
and eq. (A.6) in eq. (A.5) we obtain a closed expression for 
r^j(b) = A e -b^/B (A.7) 
where A and B are the same as given in eqs. 6.4.11a and 
6,4.lib. 
Next writing | b-s) )$q> m terms of the inelastic 
form factor we have: 
= ( 2Aik N 
Using expression 6.5.5 for F^'^^(q) we obtain: in 
(A.9) 
Now substituting the value eqs. (A.8) and (A.9) in 
eq . (A.4), we get 
m '' w M R ' B
- A^ e-^^^/®) (1-b^/B e-^^/^ ] . (A.10) 
Substituting the value of above matrix element in eq. 
137 
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(A.8), we have the desired expression for (^ i) ^^ given in 
expression 6.5.6 . 
